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ABSTRACT 

This paper concerns the abstract Cauchy problem (ACP) for an evolution 
equation of second order in time. Let A be a closed linear operator with 
domain D(A) dense in a Banach space X. We first characterize the exponen- 
tial wellposedness of ACP on D(Ak+J), kEN. Next let {C(t); tER} be a 
family of generalized solution operators, on [D(A k)] to X, associated with an 
exponentially wellposed ACP on D (A k + ~). Then we define a new family { T(t); 
Re t > 0} by the abstract Weierstrass formula. We show that {T(t)) forms a 
holomorphic semigroup of class (Hk) on X. 

1. Introduction 

Let  X be a com p l e x  Banach  space wi th  n o r m  [1 • [[. Let  A be a c losed l inear  

ope ra to r  wi th  d o m a i n  D(A) dense  in X.  In  this  pape r  we shall restr ict  ourse lves  

to  the case in which  A has  a n o n e m p t y  reso lvent  set p(A). Let  Y be  a l inear  

m a n i f o l d  in D(A) a nd  cons ide r  the  differential  e q u a t i o n  in X 

(1.1) (d2/dt2)u(t) = Au(t), t ER.  

By an abstract Cauchy probiem on Y we m e a n  the  fol lowing:  

ACP.  Given  two elements  x ,  y E Y, find an  X-valued  funct ion u(t) = u(t; x,  y) 

defined on R such tha t  

(AI) u(t) is twice c o n t i n u o u s l y  dif ferent iable  in t, 
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(A2) u( t )~D(A) ,  u(t) satisfies (1.1), 
(A3) u(O) = x,  (d/dt)u(O) = y. 

A function u(t) satisfying (A0-(A3) is called a solution to ACP. 
We say that ACP on Yis exponentially wellposed i f  for every x, y E Ythere is 

a unique solution u(t) = u(t; x,  y) to ACP on Y, satisfying 
(EG) There is a constant o9 > 0, called the constant of exponential growth, 

such that 

II u(t) II + II u"(t) II = o ( e ' ° l t l )  as I tl ~ ~ ,  

where u"(t) stands for (d2/dtE)u(t). 

The main purpose of  this paper is to characterize the exponential wellposed- 
ness of ACP on D(A k+ 1), k E N. Namely, we shall present a criterion for ACP 
on D(A k÷ 1) to be exponentially wellposed. Here it should be noted that ACP 
on D (A) is exponentially wellposed if and only ifA is the generator of a cosine 
family {C(t); t ~R};  in this case a unique solution to ACP is given by 

fo ' u(t; x ,  y) = C(t)x + C(s)yds 

(see Fattorini [4]). 
Before stating our result, let us briefly sketch the same problem for first order 

differential equations of the form 

(1.2) (d/dt)u(t) = Au(t), u(O) = x.  

As a classical result of Hille [6] and Phillips [ 13] it is well known that ACP on 
D(A) is (exponentially) wellposed if and only if A is the generator of a 
(Co)-semigroup (T(t); t > 0}; in this case a unique solution to ACP is given by 
u (t; x) = T(t)x (see e.g. Goldstein [ 5], Krein [8] or Pazy [ 12]). The exponential 
wellposedness of ACP on D(ak+t), k E N ,  was treated by Oharu [10] and 
Sanekata [14]: ACP on D(A k÷ 1) for (1.2) is exponentially wellposed if and 

only if 
(F1) there is 09 > 0 such that p(A) ~ {2 ~C;  Re 2 > o9}, 
(F2) there is a constant M > 0 such that for x ED(Ak), 

11R(k;A)"x 11 =< M ( R e 2  --o9)-"  t[ x II~, 

where R(2; A) denotes the resolvent of A and 

Re2  > m ,  n E N ,  

k 

IIxll =Z IIAJxll, A°x=x.  
)=o 
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The "if" part of the characterization was previously proved by Oharu [ 10] and 
the "only if" part was shown later in Sanekata [14]. Recently, these facts have 
been extensively studied by Neubrander [9] through the notion of integrated 
semigroups. 

The first result in this paper is a second-order analogue of the Oharu-  
Sanekata theorem and is stated as follows: ACP o n  D(A TM) for (1.1) is 
exponentially wellposed if and only if 

(I) there is o9 > 0 such that p(A) ~ (,~2~C; Re 2 > to}, 
(II) there is a constant M > 0 such that for x ED(Ak), 

II (d/d2)"-'[2R(22;A) x] II <=M(n - 1)! (Re2 - co)-" II x Ilk, 
Re2  > o9, n E N .  

The "if" part of the above statement was proved in [16]. Thus, this paper 
concerns the "only if" part. 

In [16] we have constructed a family { C(t); t E R} of solution operators to 
prove that ACP o n  D(A k+l) is exponentially wellposed. C(t) is a bounded 
linear operator o n  [D(Ak)] t o  X: 

II c(t)x II ~Me°~t IIx Ilk, xED(Ak), t e R .  

Thus, we can define a new family {T(t); Re t > 0} of linear operators by the 
abstract Weierstrass formula 

(1.3) T( t )x -- e-  S2/4tC(s )xds. 

The second purpose in this paper is to make the properties of { T(t)} clear. 
Let b ~p(A). Then we shall rewrite (1.3) as 

( rtt ) ~/2 T ( t.)x 

where H2~(r) is the Hermite polynomial of  degree 2j. Using this formula, 
we can show that {T(t); Re t > 0} is a holomorphic semigroup of  bounded 
linear operators on X. Furthermore, we prove that for any e > 0 ,  {T(t); 
larg t [ < ( r ~ / 2 ) -  e} forms a semigroup of class (Ilk) and A is its complete 
infinitesimal generator. Roughly speaking, { T(t); l arg t [ < a} is of  class (Hk) if 
for any d > 0, 
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II T(t)l] =O(I t l  -k) and II T ( t ) x - x l ]  ~ 0  f o r x e D ( A  k) 

as I t I --" 0 with l arg t I ---- a - ~. This result is a generalization of the following: 

If A is the generator of  a cosine family on X then A is also the generator of  a 

holomorphic semigroup of class (Co) on X (cf. Goldstein [5], II-§8; see also 

Yosida [18]). 

This paper consists of  four sections and appendix. In Section 3 we character- 

ize the exponential wellposedness of ACP on D(A k + ~), k ~ N. AS a preliminary 

we discuss in Section 2 solution operators of  ACP. Section 4 is devoted to 
abstract Weierstrass semigroups associated with families of solution operators 

of ACP. Finally, we show in the Appendix that the original definition of a 

semigroup of class (Hn) is equivalent to a slightly simplified one. 

2. Preliminaries 

First we state some consequences of the exponential weUposedness. In the 

definition of exponential wellposedness in Section 1, we have assumed the 

exponential growth of solutions and their second derivatives as condition 
(EG). But, as is easily seen, (EG) is equivalent to 

(2.1)  II u(t) II + II u'(t)II + II u"(t) II = as I/I --" oo. 

Now let A be a closed linear operator with domain D(A) and range R(A) in X. 
Suppose that ACP on D(Ak+~), k E N ,  is exponentially wellposed and let 
u(t; x, y) be a unique solution to ACP with u(0) = x and u'(0) = y. Then it 
follows from the linearity and uniqueness that 

u(t; x, y) = u(t; x, O) + u(t; O, y). 

Moreover, the equivalence of (EG) to (2.1) implies that 

$o' u(t; O, y) = u(s; y, O)ds. 

Thus, the solution to ACP with u(0) = 0 and u'(0) -- y can be represented as 

the indefinite integral of  the solution to ACP with u(0) = y and u'(0) = 0. So, it 

suffices to consider the ACP with u'(0) = 0, and we come to a definition of 

solution operators. Let U(t) be a linear operator" assigning the solution 
u(t; x, 0) to an initial value u(O) = x ED(Ak+'): 

(2.2) U(t)x -- u(t;x,  0), t ~ R .  

We shall clarify some properties of  the family { U(t); t ~ R}. 
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].,EMMA 2.1. Let A be a closed linear operator in X. Assume that ACP on 

D(A TM) is exponentially wellposed and let {U(t)} be the associated family o f  

solution operators. Let j E N. Then for x ~ D (A k +i + ~), U(t)x is 2j-times con- 

tinuously differentiable, with values in D (A J), and 

(2.3) (d2/dt2)JU(t)x = AJU(t)x = U(t)AJx, t ER.  

PRooF. We can prove the assertion by induction. Let j = 1. Then the first 

equality in (2.3) is obvious. We have to show that 

(2.4) AU(t)x  = U(t)Ax for xEO(Ak+2). 

Since Ax ED(A k+ ~), we have 

(dVdt 2) U(t )Ax = A U(t )Ax. 

It follows from the closedness of A that 

fo' (2.5) U(t)Ax = Ax  + A (t - s)U(s)Axds = Az(t), 

where we have set 

z(t) = x + (t - s)U(t)Axds. 

Noting (2.5), it is easy to see that 

(d2/dt2)z(t) = U(t)Ax = Az(t), 

z(O) -- x ,  z'(O) = O, 
and 

II z(t) II + II z"(t) II = O(e ~'~) as I tl ~ ~ .  

Thus, by the uniqueness of solutions, we obtain z(t) = U(t)x and U(t)Ax = 
Az(t)  = A U(t)x. The rest of  the proof is easy. Q.E.D. 

Let A be a closed linear operator in X. Then for k ~ N  we may regard D(A k) 
as a Banach space with respect to the norm 

II x Ilk = II x II + II Ax II + " "  + II Akx II- 

We write [D(Ak)] for this Banach space. 

LEMMA 2.2. Let A and { U(t)} be as in Lemma 2.1. Assume further that A 

has a nonempty resolvent set p(A ). Then there is a constant M > 0 such that for 

all x~D(Ak+~), 
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(2.6) [[ U(t)x [[ <-_Me '°l't IIx I lk,  t ~ R .  

PROOF. To prove the assertion we need to introduce the Banach space 

Zo~:=C(R;[D(A)]) of all D(A)-valued functions on R which are 

[[ " I[ 1-continuous, with finite 

sup( e-°'l'l II u(t)Ill; t ~ R ) .  

The norm of u E Zo, is this supremum. 

Now we define a linear operator L on [D(Ak+l)] to Zo, by 

L y : =  U(.)y ,  y~D(Ak+l) .  

To show that L is closed, let Yn --" Y (n --- ~ )  in [D(A k + l)] and Lyn = U(. )y, --" 

z( . )  (n --~z) in Z,o. Then 

(d2/dt2)U(t)y, = AU(t)yn --,Az(t) (n ~ ~ )  

uniformly in t on any finite subinterval of  R. Going to the limit in the equality 

U(t)yn = y~ + (t - s)(d2/ds2)U(s)y~ds, 

we have 

Jo ' z ( t )  -- y + (t - s).,tz(s)ds, 

i.e., z(t) is a solution to ACP on D(Ak+~). Since 

II z(t) II + II z"(t) II = O ( e  °'Ltl) as Itl --" <~, 

it follows from the uniqueness that z(t) = U(t)y. Therefore, L is closed. By the 
closed graph theorem we can find a constant N > 0 such that 

II U(t)y ill < Ne°'ltt II y Ilk+l, Y E D ( A k + I )  • 

Next let b ~ p ( A  ) and x E D(A k + l). Then  y : = R (b; A)x E D(A k + 2), and 

II Y IIk+l -- II R ( b ; A ) x  IIk+l --<- Nl II x Ilk, 

where Ni = max{ II AR(b;A) I I ,  II R ( b ; A )  U }. On the other hand, it follows 

from Lemma 2.1 that U(t)x = (b - A ) U ( t ) y .  So, we have 

II u ( t ) x  II ---< N2 II U(t)y II l, 

where N2 = max{ I b l, 1 }. Thus, we obtain (2.6) with M = N .  Nl- N~. Q.E.D. 

The next lemma is due to Oharu (see [10], Lemma 2.7). 
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LEMMA 2.3. Let A be a closed linear operator with domain D(A ) dense in X 
and p(A ) ~ ~ . Then for every pair of  positive integers m and k with m >= k, 
D(A") is dense in [D(Ak)]. In particular, D(A") is a core for A, i.e., the closure 
of the restriction of A to D(A") is again A for m ~N. 

For a densely defined operator we have 

PROPOSITION 2.4. Let A be a closed linear operator with domain D(A) 
dense in X and p(A) ÷ ~ .  Assume that ACP on D(Ak+~), k E N ,  is exponen- 
tially wellposed and let {U(t); t ER} be the associated family of solution 
operators defined by (2.2). Then U(t) can be uniquely extended to a continuous 
linear operator (the extension will be denoted again by U(t)) on [D(Ak)] to X 
satisfying 

(2.7) II u(t)x II <Me'°ltl IIx I1 , xeD(Ak) ,  t R, 

(2.8) U(t)x ~ C(R; X) for x E D(Ak), 

(2.9) (d2/dtZ)JU(t)x =AJU(t)x = U(t)AJx, x~D(Ak+O, tER,  

(2.10) [t(d/dt)U(t)xll<Mltle°'ltlllAxll~, x~D(Ak+'), tER.  

PROOF. It follows from (2.6) that U(t) has a bounded extension in [D(Ak)]. 
But, since D(A TM) is dense in [D(Ak)] (see Lemma 2.3), the extension is 

unique and (2.7) follows from (2.6). Thus, we can prove (2.8). 

Now we prove (2.9). We have only to show the second equality in the case of 
j = 1. The proof is based on the equality (2.4). Let x ED(A k+ 1). The proof is 
based on the equality (2.4). Let x ~D(A k+ 1). Then, since D(A k+2) is dense in 
[D(Ak+t)] (see Lemma 2.3), there is a sequence {x,} in D(A k+2) such that 

x,---'x ( n ~ )  in [D(Ak+t)]. Hence it follows that x,---,x and Ax,---,Ax 
(n ~ ~ )  in [D(Ak)]. By virtue of (2.7) we have 

U(t)x, ~ U(t)x and U(t)Ax, --, U(t)Ax in X. 

Going to the limit n ~ in (2.4) with x replaced by x,, we see from the 

closedness of A that U(t)x ED(A) and AU(t)x = U(t)Ax, x ED(Ak+~). Thus 

we obtain (2.9) with j = 1. The rest of  the proof is easily completed by 

induction. 

Now that (d/dt)U(O)x --- u'(0; x, 0) = 0, we see from (2.9) that 

(d/dt)U(t)x -- U(s)Axds, xED(Ak+~). 
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Therefore, (2.10) follows from (2.7). Q.E.D. 

Let Z be another Banach space. Then we denote by B(Z, X) the set of  all 

bounded linear operators on Z to X. 

DEFINITION 2.5. {U(t);t~R} C B([D(Ak)],X) constructed in Proposi- 

tion 2.4 is called a family of generalized solution operators for ACP. 

In the remainder of this section we shall mention certain classes of semi- 

groups of bounded linear operators on X. 

Let B(X) be the set of  all bounded linear operators on X to X. Then a one- 

parameter family { T(t); t > 0} in B(X) is called a semigroup on Xi f  T(t + s) = 
T(t)T(t) for t, s > 0 and if T(t) is strongly continuous for t > 0. We denote by 

A0 the infinitesimal generator of { T(t)}, i.e., 

Aox = lim h-~[T(h) - I]x 
h~+O 

whenever the limit exists. If A0 is closable, then the closure of A0 is called the 

complete infinitesimal generator of { T(t)}. 
Now, let {T(t); t > 0} be a semigroup on X. If in particular T(t) can be 

extended holomorphically into a sector l arg t I < a for some 0 < a < re/2, then 

{ T(t);I arg t l < a} is called a holomorphic semigroup on X. 

Let COo be the type of {T(t)}: co0=lim/_~ t -1 logJl T(t)II. Let m be a 
nonnegative integer and 2 ~ C with Re 2 > coo. Then we define 

fo Rm(~.)y : =  (l /m!) tme-~tT(t)vdt 

f: -- ( l /m!) lim tme-~tT(t)vdt 
~ - + 0  

T ~ c O  

whenever the limit exists. 

DEFINITION 2.6. Let n ~N.  Then a holomorphic semigroup 

{T(t);larg t l < a} on X is said to be of class (Hn) if it satisfies the following 

conditions: 

(i) T(t)x = 0 for all t > 0 implies that x = 0, 

(ii) X0: = I,.Jt> 0 T(t)[X] is dense in X, 

(iii) for each e (0 < e -_< a) there exists L, > 0 such that 

II T(t)R,_~(b)x II <=Le ec°set IIx II, x Xo, l a r g t l < a - e ,  

where b and co are constants satisfying 
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b > co > 090 = lim t - l  log II T( t )  II, 
l~o0 

(iv) there is a constant K > 0 such that 

IIRo(b)x II <=gllx II for xEX0. 

REMARK 2.7. A semigroup of class (Hn) was introduced in [1 1], however, 
Definition 2.6 is an equivalent definition given in the Appendix of  this paper. 

3. Abstract Cauchy problems 

Let A be a densely defined closed linear operator in X with p(A)  ~ ~ .  

Suppose that ACP on D(Ak+~), k e N ,  is exponentially wellposed with the 

constant of  exponential growth o9 > 0. Then we have constructed a family 

{U(t); t ER} of generalized solution operators (see Definition 2.5). Let 
X ED(A k) and 2 E C  with Re 2 > 09. In view of  (2.7) we see that 

lf0  (3.1) Lo( 2 2)x : = -~ e - ~t U ( t )xdt 

is well defined, i.e., 2L0(22)x is the Laplace transform of U(t)x .  

LEMMA 3.1. Let  Re 2 > to. Then there is a constant K > 0 such that 

(3.2) II L0(22) x II =< g II x II, x E O ( a k )  . 

PROOF. Let x E D ( A  k) and b Ep(A) .  To simplify the notation let us intro- 

duce the operator 

v k ( t ) x : = ( b  - A ) J U ( t ) R ( b ; A ) k x ,  O < j = k .  

Since U(t )x  = Vk(t)X = (b - d2/dt2)V k_ ~(t)x, it follows from (3.1) that 

2Lo( 2 2)x = b f o  B e - ~' V k_ , ( t )xdt - f o  B e - ~t ( d2 / dt 2) V k_ , ( t )xdt 

£ -- (b - 2 2) e-~tV~_~(t)xdt + 2R(b;  A ) x ,  

where we have used (2.10). Continuing such a calculation, we obtain 

fO ~ k- i  2Lo(22)x = (b - 22) k e-XtVko(t)xdt + Y, 2(b - 22)JR(b; A) j÷lx. 
j=0 

Since Vko(t) = U( t )R(b;  A)  k is bounded on Xby  (2.7), we can obtain (3.2). 

Q.E.D. 
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LEMMA 3.2. Let R e 2  > to. Then 22Ep(A) and 

Lo(22)x =R(R:;A)x = ( 2 z -  A ) - l x ,  xED(Ak).  

PROOF. Let L(R2)EB(X) be the extension of  L0(2~); note that D(A k) is 

dense in X. Then it suffices to show that 

(3.3) L(22)(22-A)x = x ,  xED(A) ,  

(3.4) (22 -- A)L(22)y = y, y EX.  

First we prove (3.3). Let xED(Ak+t). Then we see from (2.9) that 

L (22)(21 - A )x = L0(22)(22 - A)x 

1 
f ~  e-~'(22 d:/dtZ)U(t)xdt = x. 

2 J0  

Since  D(A k+l) is a core for A (see Lemma 2.3), we can obtain (3.3).  

Next let yED(Ak+I). Then, as shown above, we have 

o ~ e-~t(2 z - A)U(t)ydt = 2y. 

It follows from the closedness of  22 - A  that 

(2 z - A)L0(22)y = y. 

Since  D(A k+ 1) is dense  in X,  (3 .4)  follows again from the closedness of  2 z - A .  

Q.E.D. 

Now we are in a position to state a characterization theorem for the 

exponential wellposedness of  ACP o n  D(A k+ 1), k E N. 

THEOREM 3.3. Let A be a densely defined closed linear operator in X with 
nonempty resolvent set p(A ). Let to > 0 be the constant of  exponential growth. 
Then ACP on D(Ak+I), k E N ,  is exponentially wellposed if  and only if  A 

satisfies the following two conditions: 
(I) there is to > 0 such that p(A) D (22EC; R e2  > to}, 

(II) there is a constant M > 0 such that for x ED(Ak), 

II x] II --< M(n - 1)! (Re2 - to)-"  II x Ilk, 
R e2  > to, n E N .  

PROOF. First we prove the "only if" part. It follows from Lemma 3.2 and 

Proposition 2.4 that 
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(22~C; Re 2 > 0.)} cp(A)  

and for x ~D(Ak),  2R(22; A) and its n-th derivative are given by 

2R(22; A)x = fo  ~ e-aU(t)xdt ,  

£ (d/d2)"[2R(22; A)x] = ( - t)"e-aU(t)xdt, n EN.  

Therefore, condition (II) follows from (2.7). 
The "if" part has already been proved in Takenaka-Okazawa [16] (see 

Theorem 3.4 below). Q.E.D. 

Here for later use we state a better sufficient condition for ACP on D(A t+ ~) 
to be exponentially wellposed. The conditions are regarded as a real version for 
conditions (I) and (II) in Theorem 3.3. 

THeOrEM 3.4. Let A be a densely defined and closed linear operator in X, 
and let k E N. Assume that 

(I,ea0 there is a constant 0.) > 0 such that 

p(A) ~ {22~11; 2 > 0.)}, 

(II,ea~) there is a constant M > 0 such that for x ED(Ak), 

II(d/d2)"-'[2R(a2;A)x] II < M ( n  - 1)!(4 - 0 9 ) - "  [Ix I lk,  2>0.) ,  n ~ N .  

Then there is a family { C(t); t E R} of(generalized solution) operators given by 

(- (")T d? 
C ( t ) x = ] i m  -(n ---Dr. \ t /  \-d2] [2R(2=;a)x]l~="" ( t>O) ,  

C(O)x = x,  C(t)x = C( - t)x (t < O) for x ED(Ak), 

where the convergence is uniform with respect to t on every bounded interval of  
[0, m). {C(t)} has the following properties: 

(a) for each x ~D(Ak),  C(t)x is continuous on R, 

(b) II C(t)x II <Me°'"'  II x II~, x ~ D ( A k ) ,  t ~ R ,  
(c) (d2/dt2)JC(t)x = AJg(t)x = C(t)AJx, x ED(Ak +J), t ~ R ,  

(d) I1 (d/dt)C(t)x II <--Mltl e°'"~ II x Ilk, x ~ D ( A k ) ,  t ~ R ,  
(e) 2R(22; A)x = Sg e-a'C(t) xdt, x ~ D ( A k ) ,  2 > 0.), 

(f) u(t; x,  y) = C(t)x + ~ C(s)yds is a unique solution to ACP on D(A k + ~) 

with 11 u(t; x,  y) I] < M(1 + It J)e°'ltl( ]] x Ilk + ]1Y Ilk), and 
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II (d/dt)u(t;x,y)II < M ( 1  + Itl)e°'rtl( Ilax Ilk + IlY Ilk) 
for x,  y ED(Ak +I). 

Consequently, A CP on D(A k + 1) is exponentially wellposed. 

The properties (c), (d) and (f) are not explicitly stated but essentially proved 
in [16]. 

COROLLARY 3.5. Let A and {C(t); t ~ R }  be as in Theorem 3.4. Then for 
x E D(A k) and t > O, C(t)x is also given by 

(-- 1)n(t)n+l(d~n 
(3.5) C ( t ) x = ] i m - - -  Z t R(a2;a)x] 

PROOF. Let us use the following notations: 

F~x :=  (d/d2)"[R(22; A)xl ,  Gy, x :=  (d/d2)"[2R(2~; A)x]. 

Then we obtain a simple relation 

(3.6) 2G~ x + nG~-~x = AF~ x.  

Furthermore, (IIr~,l) implies that for x ED(A  k) and 2 > co 

(3.7) II F~x II --< M(n + 1)!(2 - o9) -"-2 II x Ilk. 

(For proofs of (3.6) and (3.7), see [16].) Now set 

( -  1).-1 
C,( t )x:= (n/t)"G,7#lx, t > 0 ,  

(n - 1 ) !  

( - 1 ) .  
W.(t) :=  (n/t)"+lG,7:,, t > O. 

n! 

To prove (3.5), it suffices by Theorem 3.4 to show that 

lim [I C,(t)x - W,(t)x II = O, x ~D(Ak),  t > O. 
t 1 ~ o O  

But we see from (3.6) that 

C . ( t ) x -  W,(t)x = 
( -  1),-I 

n! 
(n/t)"AF",, x.  

Therefore, it follows from (3.7) that for x ED(Ak+I), 
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][ Cn(t)x - Wn(t)x [[ ~ Mt2 1 + 1 - -  II Ax Ilk. 
n 

Noting that II wn(t)x II --< M(1 - cot~n) -~-' [I x Ilk, x ~ D O  ~) (use condition 
(IIr~)), (3.5) can be obtained by Lemma 2.3. Q.E.D. 

REMARK 3.6. Let (C(t)} be as in Theorem 3.4. Then for x ED(A2k),  

{C(t)x)  has the cosine property 

C(t + s)x + C(t - s)x = 2C(t)C(s)x, t, s ~ R; 

see [16]. Consequently, if we take k = 0 in Theorem 3.4, then {C(t)} forms a 
cosine family. The generation theorem of cosine families was established by 
Sova [15], Da Prato-Giusti [2] and Fattorini [3]. Here we note that Sova and 
Fattorini proved (3.5) for a cosine family (C(t)} through the Post-Widder 
inversion formula. 

Now let B be a densely defined closed linear operator in X with nonempty 
resolvent set: p(B) ~ ;~. We consider the first order differential equation: 

(3.8) v'(t) = By(t), t ER,  v(O) = x. 

Applying the Oharu-Sanekata theorem to + B, it is easily seen that the 
problem (3.8) on D ( B  k + l), k ~ N,  is exponentially wellposed if and only if there 
are constants co >_- 0 and M > 0 such that 

(3.9) {2 ER; 12 [ > co} C p(B), 

(3.10) I I (&-n) -n l l~M(121-co) -~ l l x l l k ,  121>co,  n ~ N .  

COROLLARY 3.7. Let B be a densely defined closed linear operator in X, 
satisfying (3.9) and (3.10). Put A = B 2 in ACP for the second order equation. 
Then ACP on D(A k+ 1) = D(B2tk + t~) is exponentially wellposed. 

PROOF. Since we have 

½[(2 - B )  - 1 + ( 2  + B )  -1]---2(22-B2) -I, 

we can easily show that A = B 2 satisfies the assumption of Theorem 3.4. 
Q.E.D. 

PROPOSITION 3.8. Let A be a densely defined and closed linear operator in 

X satisfying 
(I) there is co > 0 such that {22~C; Re2  > co} c p(A), 



270 T. T A K E N A K A  A N D  N. OKAZAWA Isr. J. Math. 

(IIpo0 there are constants M > 0 and J > 0 such that 

[I 2R(A2;A)II _-< M(1 + 12 [2a), Re2 > co. 

Let fl > max{0, ~o) and k :=  [J + 1/2] + 1. Then there is a constant N > 0 such 
that for x~D(Ak) ,  Re2 > f l  and n ~ N ,  

(3.11) II x] II <=U(n - 1)!(ReA - f l ) - "  IIx Ilk. 

Consequently, ACP on D(A k+ ~) is exponentially wellposed. 

PROOF. Let 22~p(A) and x~D(Ak) .  Then we have 

k 
(3.12) R(22;A)x = Y~ 2-2JAJ-~x + 2-2kR(22;A)Akx. 

j = l  

Let fl > max(0, o~}. Then we can define the inverse Laplace transform of 
2R(22;A)x: 

f# +i~ 
z(t; x ) ' =  lim (2tri) -~ 2e~tR(22; A)xd2, t > O. 

t ~  d #-ir 

By calculation of residues and condition (IIpo~) we have 

k t2j-2 fB+ioo 
z ( t ; x ) =  Y~ - - A J - l x  +(27ri) -I ~-2k+lea'R(22;A)Akxd2. 

j=l (2j - 2)! a#- i~  

The second term on the right-hand side is estimated by 

M y0 ~ 1 + (f12 + z2)a --~e #t dz Akx • + ,zy  U II, 

note that k - J > 1/2. Setting z(0;  x )  = x ,  we can find a constant  N > 0 such 
that 

(3.13) II z(t; x)II --< Nee' II x II~. 

Now we consider the Laplace transform of z ( t ;  x ) .  Noting that 

f fl + i o~ 
y o  e-~ j p - ~  

].L - 2 k +  l eUtR (lt2, A )A kxd gdt 

= f#+i~o  (~" __ l t )  _ Ill -2k+  i R ( f l 2 ;  A )Akxdl t  
d , o - i m  

= (2ni),~ -2k+ IR (;t2; A)Akx, 

we see from (3.12) that 
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•F0 

°° 
2R (22; A)x = e-~'z(t; x)dt 

and hence 

f 0  ° 
(d/d2)"-~[2R(22;A)x] = ( - t)"-~e-~tz(t; x)dt. 

Thus, (3.11) follows from (3.13). Q.E.D. 

REMARK 3.9. Proposition 3.8 is a second-order analogue of Theorem 
4.7(a) in Oharu [10] and was first proved by Cioranescu ([1], Corollary 
after Proposition) with slightly rough estimates (see also Neubrander [9], 

Corollary 7.8). 

Anyway, condition (11oo 0 may be replaced by 
(Ilpo~)' for any e > 0 there is a constant Me > 0 such that 

II 2g(22; A) II <M, (1  + 12 I~), ReX >09 + e .  

Before concluding this section we give an example of  an operator satisfying 
conditions (I) and (Ilpol)'. Let E be a (n + 1) X (n + 1) unit matrix and F b e  a 
(n + 1) X (n + 1) nilpotent matrix such that only the first upper diagonal 
elements are equal to one. 

EXAMPLE 3.10. Let X = 1-I" + ~ LZ(R) and consider the multiplication oper- 
ator in X defined by 

n+l 
( A x ) ( p ) = A ( p ) x ( p ) =  Z (-P2)JFJ-ix(P),  p E R ,  

j= l  

where x(p)=r(xl(P) ,X2(p)  . . . .  ,x,+~(p)) and F ° = E .  Let ~ E C  with 
larg ~ [ <  n. Then the matrix ~ E - A ( p )  is invertible and the norm of its 
inverse 

(3.14) 
[~E -A(p)] - '  

= (p2 + ~)-1E + ~ ( _ ~ ) j - t p 2 ( j + l ) ( p 2  q_ ()-ti+l)Fj 
j f f i l  

is uniformly bounded in p. This shows that p(A) contains the sector l arg ( I < 
n, i.e., {22EC; Re 2 > 0} c p(A). Now let e > 0 and 2 E C  with Re 2 > e. 
Then, since 

22 = (Re 2) 2 - (Im 2) 2 + 2i(Re 2)(Im 2), 
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we see that for p E R, 

Ip2+221 > I I m 2 2 1 > 2 e l I m 2 1 > x / ~ e 1 2  I 

Ip2 + 221>1212> e121 

Therefore, it follows from (3.14) that for Re 2 > e, 

if l arg 21 > rr/4, 

if I arg 2 1 =<- rr/4. 

II ( 2~ - a ) - '  II ~ sup (IP 2 + 221 -~-t- ~ 12 I2~-°pz°+')lp 2 +221-0+0) 
p E R  j = 1 

~(~121) - t+  ~. 1212u-~)[1 + 1212(e121)-t] j+~. 
j = l  

So there is a constant M, > 0 such that 

II 2 ( 2 2 - A )  -1 II _-<M,(l + 12130, Re2 >=e. 

Since D(A) is dense in X, A satisfies the assumption of Proposition 3.8 with 

(Ilpol) replaced by (IIpo3'. 

REMARK 3.1 1. It is shown in [ 11 ] that the operator in Example 3.10 is the 
complete infinitesimal generator of a semigroup of class (Hn). 

4. The abstract Weierstrass formula 

Let A be a densely defined and closed linear operator in X. Assume that A 
satisfies two conditions (Ireal) and (IIr~al) in Theorem 3.4. Then there is a family 
{C(t); t ER} of generalized solution operators for ACP. The properties of 
{C(t)} are summarized in Theorem 3.4. 

Now we introduce a new family {T(t); Re t > 0} in B(X). But T(t)x is first 
defined on D(A k) by the abstract Weierstrass formula 

(4.1) T(t)x = - ~ t  e-S2~4'C(s)xds for x ED(Ak). 

As is easily seen, T(t)x is holomo~hic  in t in the right half plane. First we note 
that r(t)x (t > 0) has exponential growth. In fact, setting s -- 2x/'ta in (4.1), 

we have 

2 fo~ r ( t )x  -- ~ exp( - a2)C(2~)xda. 

Thus, we see from Theorem 3.4(a) that 
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(4.2) II T(t)x II ---< 2Mexp(092t) II x I lk,  x~D(Ak) ,  t > O. 

In what follows we shall show that {T(t); Re t > 0} is a holomorphic semi- 
group on X (see Proposition 4.5) such that for any e ( 0 < e  <n /2) ,  
{T( t ) ; larg t l<(r t /2) -e}  forms a semigroup of class (Hk) introduced in 
Section 2 (see Proposition 4.11). 

LEMMA 4.1. Let {C(t)} be a family of  generalized solution operators for 
A CP. Let x E D (A k). Then { T( t ) } defined by (4.1) has the following properties: 

(a) II T(t)x II --< 2M(It  I/Re t)~/2exp(o921 t 12/Re t) II x Ilk, Re t > 0, 
(b) II T(t)x II =< ( 2 M / v / ~  e)exp( o92Re t/sin2 e) II x I1~, l arg t l < n/2 - e, 
(c) II T(t)x - x II --" 0 as It 1~ 0 with l arg t I < n/2 - e, 
(d) R(2; A)x = S~ e-atT(t) xdt, 2 > o9 2. 

PROOF. (a) Let x ED(A k) and Re t > 0. Then it follows from Theorem 
3.4(b) that 

II T(t)x II --< (n It I)-1/2 exp 4It 12 sz II C(s)x II ds 

Itl ~0 ~ ( a2 +2ogl t l  \ <2M(\nRet/]l/2 exp - - - a ~  ) IIx Ilkda 

=2M(Itll l /Zexp(o921t12 I 
\Re t~ \ - ~ - /  II x Ilk. 

(b) Given e (0 < e < n/2), we have 

(4.3) Re t = It I cos(arg t) =>_ It t sin e (larg t I < n/2 - e). 

Thus, the desired estimate follows from (a). 
(c) Noting that 

(nt)-  ~/2 exp - ds -- 1, Re t > O, 

we obtain 

f0  °~ ( Re t 2\ 11T(t)x - x  [I --< (z~ l t l) -|/2 exp -41 t iES  ) II C(s)x - x  II ds. 

Since C(s)x is continuous on R, for any r />  0 there is t~ -- fi(q) such that 

II C(s)x - x  II <) /  (Isl <~) .  
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Then we divide the integral into two parts: 

(;0 f;) II T(t)x - x II ---< (~ It I) -1/2 + = I, + 12. 

Fix e (0 < e < rt/2). Then it follows from (4.3) that 

f f  ( sine Id s<  . It < r/(zt I t l )  -1/2 exp - -  S 2 ~] 
= 4l t l  / x//-~-ff e 

Next, setting N = (M + 1)( II x Ilk + II x II ), we  have 

) 12 <-_ N(n I t I) -1/2 exp - - - s i n  e $2 + (,OS ds 
41tt 

2N f ~  e x p ( -  o'2)do "exp ( ('02]tll 
= ~  (t) \ s i n e / '  

Isr. J. Math. 

f o  e-atT(t)xdt= f o°~ e-Xt[(rtt)-l/2 fo~ e-m4tC(s)xds] dt 

= fo~ [ fo°~ (rtt)-t/2 exp ( ~ - 2 t ) d t ] C ( s ) x d s  

f0 °° = ,~,  - 1/2 e - ~C(s)xds = R (2; A )x, 

where we have used Theorem 3.4(e). The calculation can be easily justified. 
Q.E.D. 

LEMMA 4.2. Let {C(t),} be as in Lemma 4.1. Let yED(Ak +l). Then C(t)x 
satisfies the following equality: 

where 7(t) = (~x/sin e/21t I) - o9(I t I/sin e) ~/2. Since 7(t) ~ ~ as I t I~  0 with 
l arg t I < ~/2 - e, we can obtain (c). 

(d) We give a formal calculation. Let xED(A k) and 2 >co 2. Then the 
assertion follows from (4.1): 
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(4.4) 

f o~ eXp ( - ~) (d2/ds2)C(s)yds 

1 
- 2 t f o ° ~ ( ~ - l ) e x p ( - ~ ) C ( s ' Y  ds 

1 r 2 
R e t > 0 .  

PROOF. We see from Theorem 3.4(d) that 

2t f o~ eXp ( - ~t) (d2/ds2)C(s)yds = f o~ S "exp ( '-  ~t) (d/ds)C(s)yds. 

PROOF. (a) Differentiating (4.1) in t, we have 

) d T(t)x=(rtt)_v2_~ s 2 s 2 
dt 2t do ~ - 1 exp C(s)xds. 

It follows from (4.4) and Theorem 3.4(c) that 

(4.5) 

=(nt)-~2 fo~eXp(-~)AC(s)xds. 

Since A is closed, we obtain (a). 
(b) is shown by induction. The case of i = 1 is contained in (a). 
(c) It suffices by the analyticity to show the "semigroup" property for 

t,s>O. Let x~_D(A2k+l). Then it follows from (4.2) and (a) that 

T( t -  r)T(s + r)x is continuously differentiable in r. Hence we see from 
Lemma 4.1 (c) that 

s 2 
d T(t)x=(nt)-l'2fo°°exP(dt ~) (d2/ds2)C(s)xds 

LEMMA 4.3. Let {C(t)} and {T(t)} be as in Lemma 4.1. Then {T(t)} has 
the following properties: 

(a) (d/dt)T(t)x = AT(t)x = T(t)Ax, x ~D(A k+ 1), Re t > 0, 
(b) A JT(t)x -- T( t)A ix, x ~ D (A k +;), j E N, Re t > 0, 
(c) T(t + s)x = T(t)T(s)x, x~D(A2k), Re t > 0, Re s > 0. 

One more integration by parts gives (4.4) because of Theorem 3.4(b). Q.E.D. 
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YoUr T(t + s)x - T(t)T(s)x = [T(t - r)T(s + r)x]dr 

~o t + r)xdr = O. T(t r)(A --  A ) T ( s  

Here we note that T(t)T(s)EB([D(AEk)], X). Since D(A a+~) is dense in 
[D(A2k)] (see Lemma 2.3), we obtain (c). Q.E.D. 

LEM~A 4.4. Let (T(t)} be as in Lemma 4.1. Let t ~ C  with largtl  < 
(n/2) - e (0 < e < n/2). Then there are polynomials p(It I) and q(I t l) with 
non-negative coefficients depending on e such that 

/o9 2 Re t\ 
(4.6) I I T ( t ) x l l < N [ t l - k p ( l t l ) e X P / s ~ n ~ e )  II x[ I ,  x~D(Ak) ,  

(4.7) 7 T ( t ) x  < N i t  Itl)eXP\sin2------~] I lxl l ,  xED(Ak+'),  

where N = (2/Tt)~aM zk_0 II A JR ( b ; A ) k II and the degrees of p( I t I) and q( I t I) 
are k and k + 1, respectively. 

PROOF. First let x E D ( A  k) and bEp(A) (b>o92). As in the proof of 
Lemma 3.1 we set 

Vf(s)x:=(b -a)JC(s)R(b;A)kx,  O<=j<k. 

Since C(s)x = (b - d2/dsE)V~_ l(S)X, it follows from (4.4) that 

1 d 2 r 2 

('~t)"2r(t)x= f [ (b 2t ff-rl)[exp ( ---~)] r=sl,/.ft Vk-l(s) xds 

 0Lexp Vg(s)xds 

i=0 J 

where if) is the binomial coefficient. Remembering that the Hermite poly- 
nomial H2j(r) is defined by 

H 2 j ( r )  = e x p ( r 2 / 2 ) ( d 2 / d r 2 ) J [ e x p (  - r2/2)], j E N, 

we obtain 
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( nt ) l/2 T ( t )x 
(4.8) 

/=0 \ 2t / .30 ~ C(s)R(b;A)kxds" 

Now we evaluate the integral on the right-hand side of  (4.8): 

L" l j=(r t l t l )  -I/2 H2j(s/x/~tt)exp - C ( s ) yds ,  y=R(b;A)kx .  

Let H~j(r) be the polynomial  satisfying 

In2j(()l =< ~2j(I (I), (~C .  

Then it follows from Theorem 3.4(b) and (4.3) that 

( s) I j<M(n l t l ) - l ' :  H2j(s/x//~-tl)exp 41tl +o9 ds IlY Ilk 

~Nllxllexp(o921tll f [ sine(r og~12]ar 
sine----/-,o ~a'j(r)exp -T sin, / j 

[ o 9 2 R e t ~ _  ~ ( o g x / ' 2 l t ' - )  ( - - - ~ - - s ) d s ,  
5 N II x II exp \ sin2-----~) ~ H2j s + sin- e exp - sin t 5\ . 

where N -- (2/n)l'2M "~,f-o II AJR(b;A) k II and 

pj(Itl): = t12j s +  og "v/Tltl exp s 2 ds 
Sln e 2 

is a polynomial  of  degree j .  Thus we obtain (4.6). 

Next let xED(A k+l) and b ~_p(A) (b > o9~). Then it follows f rom (4.5) and 
(4.4) that 

-- exp - --  C(s)xds. 
(rtt)ll~dt 2t do dr 2 2 ,-~14-ft 

We see from the calculation in the proof  of  (4.6) that 

(nt)la(d/dt)T(t)x 

1 (b 1 d2~ k d 2 r 2 
2tfo ~ 2t~/~[exp( 
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1 r 2 

=:o~ Y'(~)'k-j(--1)J(d2]J+[exp(--~)],=,/,/-SC(s)ydsj-o ~ (2t) J+' \dr2/ 

= Y, b k-j H2u + l)(s/x//~)exp - C(s)yds, 
j=o (2t) j+l 

where y = R (b;A)kx. Evaluating the integral Ij +1, we obtain 

dT(t)x <-N /oo 2 Ret\  k /k) 
- [[xl[exP[s~n2e)s~=o[j bk-J(2t)-(J+l)pj+¿([t[). Q.E.D. 

T(t)x was first defined for x ~D(A k) by the abstract Weierstrass formula 
(4.1). Now, by virtue of (4.8), we can define T(t)x for an arbitrary x ~ X :  

:: (s) 
T(t)x = 2 af(t) Hzj(S/v/~tt)exp - 4 t  C(s)R(b;A)kxds' 

1=1 

where ak(t)= (nt)-l/2ff)bk-J(- 1/2t) j. Both definitions are equivalent for 

xED(Ag). Also we see from (4.6) that T( t )~B(X)  for Re t > 0. 

PROPOSITION 4.5. Let {T(t);larg t l < n/2} be the family in B(X) defined 
as above. Then {T(t)} forms a holomorphic semigroup on X having the pro- 
perties (a)-(d) in Lemma 4.1 and 

(e) AT(t)EB(X),  Re t > 0, 
(f) (dldt)T(t) = AT(t), Re t > 0, 
(g) AJT(t)x = T(t)AJx, xED(AJ),  Re t > 0. 

PROOF. By definition T(t) is holomorphic in the right half plane (in the 
sense of norm). The semigroup property of { T(t)} follows from Lemma 4.3(c). 
Therefore {T(t)} forms a holomorphic semigroup on X. 

(e) It follows from Lemma 4.3(a) and (4.7) that AT(t) is densely defined and 
bounded. Noting that A T(t) is closed, we see that A T(t) ~ B(X). 

(f) It follows from the holomorphy of {T(t)} that (d/dt)T(t)EB(X) for 
Re t > 0. In view of(e) and Lemma 4.3(a) we obtain (f). 

(g) It suffices to show the casej  = 1. Let x ~D(A). Then, since D(A k+l) is a 
core for A (see Lemma 2.3), we can find a sequence {x, } in D(A k+ ~) such that 
x, ---, x and Ax, --, Ax (n ---" ~). By Lemma 4.3(b) we have 

AT(t)x. = T(t)Ax,, Re t > 0. 

Going to the limit n --- oo, we obtain the desired equality. Q.E.D. 
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DEFINITION 4.6. The holomorphic semigroup (T(t)} obtained by Propo- 
sition 4.5 is called an abstract Weierstrass semigroup on X associated with a 
family (C(t)} of generalized solution operators for ACP. 

Let { T(t);I arg t3 < n/2) be an abstract Weierstrass semigroup on X. In the 
rest of this section we shall show that for any e ( 0 < e < n / 2 ) ,  
{T(t);largt I < ( n / 2 ) - e )  forms a semigroup of class (Ilk) introduced in 
Section 2. 

Let us introduce the useful notations: 

X0:= [.J T(t)[X], Y : = ( x E X ;  [[ T(t)x - x ll ~O (t--'- + O)}. 
t > 0  

Then we see from Lemma 4. l(c) that 

(4.9) D(A k) C Z. 

LEMMA 4.7. Let { T(t);[arg t I < re/2) be an abstract Weierstrass semigroup 
on X. Then {T(t); t > 0} satisfies the conditions (i) and (ii) in Definition 2.6. 

PROOF. (i) Suppose that T(t)x=O for all t > 0 .  Let bEp(A). Then it 
follows from (4.9) and Proposition 4.5(g) that 

R(b;A)kx = lim T(t)R(b;A)kx = lim R(b;A)kT(t)x = 0 .  
t ~ + 0  t ~ + 0  

Therefore we obtain x = 0. 
(ii) Since X0 is dense in Z, (4.9) implies that X0 is dense in X. Q.E.D. 

Now let m be a nonnegative integer and 2 E C  with Re 2 > o) 2. Here co is the 
constant in condition (Ireal). We define 

1 tme_~,T(t)xd t (4.10) Rm(2)x m! 

whenever the limit exists. Then it follows from (4.6) that for every x ~X0, 
Rm(2)x makes sense (the factor sin 2 e in (4.6) can be replaced by one i f t  is real; 
cf. Lemma 4.1 (a)). 

LEMMA 4.8. Let Rm(2) be as above. Then 

(4.11) Rm(2)x=R(2;A)m+~x, xEXo, 2 > o )  z. 

PROOF. First we show that 
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(4.12) Ro(2)x=R(2;A)x ,  x~Xo,  A>o92. 

Let x~Xo.  Then there is h > 0 such that x = T(h)y, y ~ X .  It follows from 
Proposit ion 4.5(f) and (g) that 

(d/dt)[e-ZT(t + h)R(b; A)y] = -- e-a'T(t + h)y, t > O, 

and hence 

R(2; A)T(h)y = T(h)R(2; A)y  

f0 = e-~'T(t)T(h)ydt = Ro(2)T(h)y, 2 > o) 2. 

Therefore we obtain (4.12). 
I f x  ~X0 and 2 > o) 2, then we have 

Rm(J,) X ( - 1 ) m ( d )  m 
= m7 ~ Ro(A)x. 

Hence we obtain (4.11). Q.E.D. 

LEMMA 4.9. Let {T(t);fargtl <~t/2} be as in Lemma 4.7. Let b > t o  2. 
Then 

(iii') For any e (0 < t _-< 7t/2) there is Mr > 0 such that 

II r(t)Rk_,(b)x II ~ M ,  exp s i - -~Re  II x II, x~Xo, largtl<]-t, (4.13) 

where 
2M k 

Ms--  .rc--'--j]~x/sine =o I]AJR(b;A) k [[- 

(iv) There is K > 0 such that 

PROOF. 

r(t)Rk_t(b)x = ~  exp - C(s)R(b;A)kxds, 

Therefore (4.13) follows from I_emma 4.1 (b). 
(iv) is a consequence of  (4.12) with ~. -- b. 

[[ Ro(b)x [1 -_< K [[ x [[, x ~Xo. 

(iii') We see from (4. l) and (4.1 l) with 2 = b and m = k - 1 that 

x ~Xo. 

Q.E.D. 
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REMARK 4.10. Unfortunately we could not replace co2/sin2e in (4.13) by 
just to 2. 

PROPOSITION 4.1 I. Let { T(t); l arg t I < ~/2} be an abstract Weierstrass 
semigroup on X. Then for any e (0 < e < n/2), { T(t); [ arg t I < (rt/2) - e}forms 
a semigroup of class (Hk) with complete infinitesimal generator A. 

PROOF. We see from Lemma 4.7 and 4.9 that {T(t);larg t I<  ( r t / 2 ) -  e} 

forms a semigroup of class (Hk) (the constant o9 in Definition 2.6 depends on 

e : 09(8) ----- o92/sin2 e). So it remains to show that A is the complete infinitesimal 

generator of  { T(t)}. 

Let A0 be the infinitesimal generator of {T(t); t > 0}. Then condition (i) 

implies that A0 has the closure A0 and 

R o ( 2 ) x = ( 2 - A o ) - l x ,  x~Xo,  2 > o 9  ~ 

(see Lemma A.4 below). It follows from (4.12) that 

(2- 'Ao)-Ix=R()~;A) ,  xEXo,  2 > 0 )  2 . 

Since Xo is dense in X, we see that A = A0. Q.E.D. 

Finally we state a necessary condition for ACP on D(A k+ ~) to be exponen- 

tially wellposed. 

THEOREM 4.12. Let A be a closed and densely defined linear operator in X 
satisfying 

(I,eal) there is a constant to > 0 such that 

p(A) ~ { 2 2 ~ R ;  2 > o9}, 

(IIr~) there is a constan~ M > 0 such that for x ED(Ak), 

II (d/d2)"-'[2R(22; A)x] II <= M(n - 1)!(2 - to) -" II x Ilk, 2 > to, n ~N.  
Then 

(a) p(A) contains the sector I arg( ( - o92) 1 < n, 

(b) for any e (0 < e =< r~/2) there is a constant M~ > 0 such that for x ~ D(A k), 

I ( LIL II ( (  - A ) -  Ix II --< M '  ( s in s e II x Ilk, arg ( s < n - e. 

PROOF. Under the assumption ACP on D(A k÷ ~) is exponentially wellposed 

(see Theorem 3.4). Consequently, p(A) contains the right half-plane Re 2 > 

o92. Moreover, we can construct an abstract Weierstrass semigroup on X. So 
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we see from Proposition 4.11 that A is the complete infinitesimal generator of 

an (Hk)- semigroup (T(t); I arg t [ < (n/2) - e } for any e (0 < e < n/2). There- 
fore it follows from Theorem A.2(b0 below that p(A) contains 

0<U 2 { ( E C ;  a r g ( ( s i - ~ e )  < u - e } .  

Hence we obtain (a). 
(b) is a consequence of Theorem A.2(b2). Q.E.D. 

REMARK 4.13. Recently Watanabe [17] found fairly weak conditions 
under which ACP has a unique solution for initial values in a dense subset Yof 

X. The set Y becomes a linear topological space identified as an abstract 

Gevrey space associated with A. Conditions in this paper are really stronger 

than those in [17]; however, as its consequence we could obtain a clear 

continuous dependence of solutions on initial data. 

Appendix 

Let us begin with the definition of a semigroup of class (H,) which was 

introduced in [ 11 ]. 

DEFINITION A.1. Let n E N .  Then a holomorphic semigroup {T(t); 
l arg t l<  a} (0 < a _--< n/2) on X is said to be of class (H,) if it satisfies the 

following conditions: 
(a~) T(t)x = 0 for all t > 0 implies that x = 0. 

(a2) For each e > 0 there is a constant C, > 0 such that 

IIt"T(t)[I <-- Q e  ~°Re' for l a r g t l ~ a - e ,  

where oJ is a real constant. 

(a3) X0:= Ut>0 T(t)[X] is dense in X. 
(a4) There is b > a~ such that R(R, + ~(b)) c R(Rn(b)), where, as in Section 2, 

Rm(2)X -- ~ tme-ZtT(t)xdt, rn @N U {0}i 

whenever the limit exists, and R (R. (b)) is the range of R. (b). 

(as) For each e > 0 there is a constant Ks > 0 such that [[ T(t)R._l(b)x [[ _-< 

K~ [Ix [[ f o r x ~ X 0 a n d  0 <  Itl < 1  with [argt I < a - e .  
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A characterization for the complete infinitesimal generator of a semigroup 

of class (Hn) is given by 

THEOREM A.2 ([1 1], Theorem 1.6). Let A be a closed linear operator with 
domain D(A) and range R(A) in X and let n ~ N .  Then A is the complete 

infinitesimal generator o f  a semigroup o f  class (Hn) i f  and only i f  the following 

three conditions are satisfied: 
(bl) There is a constant 09ER such that p(A) contains the sector 

l arg(~ - 09)1 < (zt/2) + a for some 0 < a < zt/2. 
(b2) For each e > 0 there is a constant M, > 0 such that for x ~ D ( A n ) ,  

IlR(¢;h)x 11 < M , I ¢ - 0 9 1  -~ Ilx II., [ a r g ( ( -  oJ) l<(z~/2)+ o~-e .  

(b3) D(A ) is dense in X. 

The purpose of this appendix is to give a new characterization (equivalent 
definition) for semigroups of class (H,): 

THEOREM A.3 (see Definition 2.6). A holomorphic semigroup {T(t); 

l arg t I<  a} is o f  class (Hn) i f  and only i f  it satisfies the following conditions: 

(i) T(t)x = O for all t > 0 implies that x = O. 

(ii) Xo:= U,>o T(t)[X] is dense in X. 
(iii) For each e (0 < t < a) there is L, > 0 such that 

IlZ(t)R,_~(b)xll<-_Z,e°'Retllxll ,  x ~ X o ,  l a r g t l < ~ - e ,  

where b and 09 are constants satisfying 

b > 09 > 090 :=  lim t -~ log 11 T(t) U- 
t ~ o o  

(iv) There is K > 0 such that II Ro(b)x II ---< K II x II for x EXo. 

To prove Theorem A.3 we need some preparations. We use the following 

notations: 

X0:= I,.) T(t)[X], 090:= lim t - l  log II T(t) II, 
t>O t ~ ° °  

{x X; II T(t )x-x  [l~0ast----+0}. 

By definition X0 is dense in Z, and it is well known that 090 is finite or - ~ .  
Here we state two lemmas which were shown in [1 1 ]. 
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LEMMA A.4 ([1 1], Lemmas 2.1 and 3.2). Let {T(t); t > 0} be a semigroup 
on X satisfying condition (aO. Then the infinitesimal generator Ao is closable 
and for x ~ ~, and 2 > o90 

(A.I) (2 - A ) - m x  =Rm_~(2)X, m ~ N ,  

where A -- Ao is the complete infinitesimal generator of{ T(t)}. 

LEMMA A.5 ([1 1], Lemmas 3.4 and 3.5). LetA be the complete infinitesimal 
generator of  a semigroup of class (H~). Then b Ep(A) and D(A ~) c Y.. 

Now we prove the "only if" part of  Theorem A.3. Since conditions (i) and 

(ii) are the same as conditions (a,) and (a3), it suffices to show that conditions 
(iii) and (iv) follows from Definition A. 1: 

LEMMA A.6. Let {T(t); largt l<a} be a semigroup of  class (H.) in the 
sense of  Definition A. 1. Then it satisfies conditions (iii) and (iv). 

PROOF. Let A be the complete infinitesimal generator of  {T(t)} (the 

existence of  which is guaranteed by Lemma A.4). Then we see from (A. 1) and 
Lemma A.5 that b ~p(A) and 

Ro(b)x = ( b  - A ) - I x  =R(b;A)x ,  x~Xo.  

So we obtain condition (iv) with K = U R (b; A) II. 
Next we derive condition (iii). Let x ~ X0 and I t I >-- 1 with I arg t I --< a - e. 

Then we shall show that 

(A.2) II T(t)R._t(b)x II ----< e'°Re' II x II, 
(n -- 1)!(b - 09) 

where C, is the constant in condition (a2). By the definition ofRn_ 1(b) we have 

(n - 1)! T(t)Rn_~(b)x 

= e-bSSn-IT(s + t)xds 

i "® e-bS(t +s)-~[s/(t +s) ln - I ( s  + t)nT(s + t)xds, xEXo. 
d 0 

Since It +sl>_-[tl>= 1 and it + s l > s  for s > 0  and Itl > 1 with l a r g t l _  < 

a - e, (A.2) follows from condition (a2). In view of condition (as) we obtain 
condition (iii). Q.E.D. 

In the rest of  this appendix we shall prove the "if"  part of  Theorem A.3. 
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LEMMA A.7. Let {T ( t ) ; l a rg t t<a}  be a holomorphic semigroup on X 

satisfying conditions (i)-(iv) in Theorem A.3. Let A be the complete infinite- 
simal generator o f{  T(t)} (see Lemma A.4). Then b Ep(A ) and 

(A.3) 1[ T(t)R(b;A)" I1 <Le e'°Re', largtl < a - e ,  

where R (b; A) = (b - A) - ~ E B(X), and for x E D(A ") 

(A.4) II T(t)x - x II --" 0 as t --" 0 with l arg t [ < a - e. 

PROOF. We see from (A. 1) and condit ion (iv) that 

II (b - A) -~x II =< g I1 x II for x ~ Xo. 

Since (b - A ) - ~ is closed, it follows f rom condit ion (ii) that (b - A) - ~ E B(X), 

i.e., b ~p(A)  and 

(A.5) R(b; A)x  = Ro(b)x for x ~Xo. 

So (A.3) follows from (A. 1) and condit ion (ii) and (iii). Furthermore,  we have 

T ( t ) R ( b ; A ) = R ( b ; A ) T ( t ) ,  l a r g t l < a .  

In fact, T(t)Ro(b)x = Ro(b)T(t)x for x EX0. Therefore,  it follows from (A.5) 

that for x E X0 and I arg t I < a, 

T(t)R (b; A )" + ~x = Ro(b) T(t)R (b; A )"x 

(A.6) = e-~'r(s + t)R(b;A) 'xds;  

note that T(t)R(b; A)"x ~Xo for x EX0. 
Now let I t I N 1 with l arg t I ~ ~ - ~. Then Re t _-< 1 and we see from (A.3) 

that 

II e-b'T( s + t )R (b ;A)"x  II <e'°L~ e-tb-'°~ IIx II, x~X0,  s > 0 .  

Therefore, it follows from (A.6) and condit ion (ii) that for any x E X ,  

E (A.7) r ( t ) R ( b ; A ) " + ' x  = e-b 'T(s  + t)R(b;A)"xds. 

Applying the domina ted  convergence theorem, we see that 

T(t)R(b; A)" ÷ ~x---" f ~  e-b'r(s)R(b; A)"xds 
J o  

= Ro(b)R(b; A)"x = R(b; A) "+ ~x 
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as t ---- 0 with I arg t I < a - e. Consequently, we obtain (A.4) with x E D(A" + 1), 
i.e., 

II T(t)R(b;A)"x - R ( b ; A ) " x  II--,0 for x ~ O ( A )  

as t ---- 0 with l arg t I < a - e. Thus, (A.4) follows from (A.3); note that D(A ) is 

dense in X by condition (ii) (see Hille-Phill ips [7], Theorem 10.3.1). Q.E.D. 

LEMMA A.8. Let {T(t)} and A be as in Lemma A.7. Then for ( ~C with 
I arg((  - o~)1 < (n/2) + a, 

(A.8) ( ~ - A ) - l e x i s t s  and R ( ( - A ) D D ( A " ) .  

PROOF. Let 2 E C  with R e 2 > 0  and let 0 E R  be fixed, with 101<a .  

Setting ( = to + 2e -i° and noting that b ~p(A) (see Lemma A.7), we have for 

xED(Ao) 

(d/dt)[e-¢tT(t)R(b; A)"x] = - e-¢tT(t)R(b; A)"( ~ - Ao)x. 

Integrating this equality along the ray t = re ~° from r = s > 0 to r = ~ ,  we 

obtain for x ~D(A) 

exp( - 2s - ~osei°)T(sei°)R(b; A )"x 

= e ~° f~  o~ exp( - 2r - wre i°) T(re i°)R (b; A )" ( ~ - A )xdr. 

In fact, we can replace A0 by its closure A because of  (A.3). Going to the limit 

s --* + 0, we see from (A.4) that 

f; (A.9) e-~°R(b;A)"x --- exp(-2r-mre~°)T(re~°)R(b;A)"((-A)xdr.  

This shows that ( ( - A ) -1 exists for l arg( ( - co)l -- l arg ,le-~01 < (n/2) + a. 

Now let y ~ X and set x = R (b; A )y in (A.9). Then, since ( ~ - A )R (b; A) E 

B(X), we see from (A.9) that 

f; (A.10) e - ' ° R ( b ; A ) " x = ( ( - A )  exp(-2r-mre'°)r(rei°)R(b;A)"xdr.  

Since D(A) is dense in X, it follows from the closedness of  A that (A. 10) holds 

for all x ~ X .  Thus, we obtain (A.8). Q.E.D. 

Now the proof  of  the " i f "  part of  Theorem A.3 is completed by 

LEMMA A.9. Let {T(t);largtl<a} be a holomorphic semigroup on X 
satisfying conditions (i)-(iv) in Theorem A.3. Then { r ( t )}  is of class (H,). 
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PROOF. Let A be the complete infinitesimal generator o f  (T(t)} satisfying 

condit ions (i)-(iv). To prove the assertion we will go rather indirectly. Namely,  

let us first show that A satisfies condit ions (bt)-(b3) in Theorem A.2. 

As noted at the end of  the p roof  o f  Lemma A.7, D(A) is dense in X. This is 

condit ion (bs). In view of  Lemma A. 10 below, condit ion (b0  is a consequence 

of  Lemmas  A.7 and A.8. Therefore, it follows from (A. 10) that for x E X, 

R(~;A)R(b ;A)"x  = e i° exp( - 2 r  - tor#°)T(re~°)R(b;A)"xdr. 

So, we see from (A.3) that for Re 2 > 0 and 101_- < a - e/2, 

II R ( ( ; A ) R ( b ; A ) " x  II--< L~/2(Re 2) -1 II x II. 

Here Re 2 >_- 12 1 sin(e/2) if we take I arg 2 L --< (~/2) - e/2. It then follows that 

for l arg 2 [ _-< (g/2) - e/2 and I 0 [ _-< a - e/2, 

Le/2 
II R((;A)R(b;A)"x II =< . 121 - I  II x II, x e x .  

sin(e/2) 

Since ( - to = 2e -~°, we have [ arg((  - to)] ___< (~z/2) + a - e. Thus, we obtain 

condit ion (b2). 
Consequently,  A is the complete  infinitesimal generator o f  a semigroup 

{T(t) ; larg t I < a} of  class (H,);  as shown above {T(t)} and {T(t)} have the 

same semi-angle a. But, it follows from (A.4) and Lemma A.5 that D(A") is 

contained in Z A ~;, where Z is the continuity set of  {7~(t)}. Therefore, we see 

from (A. 1) and condit ion (bt) that for x ED(A"), 

;o  ~ e-atT(t)xdt = R0(2)x = R(2;  A)x 

" f f  = R0(2)x : =  e-a'T(t)xdt, 2 > to > too. 

This implies that T(t)x = T(t)x for x ED(An). Since D(A ~) is dense in X, we 

can obtain the desired conclusion. Q.E.D. 

The final lemma is the one quoted above. 

LEMMA A.10 ([11], Lemma 2.4). Let A be a closed linear operator in X 

and let n E N. Suppose that there is to E R such that ( (  - A ) -  ~ exists and 

R ( ~ - A ) D D ( A " )  for l a r g ( ( - t o ) l < ( z t / 2 ) + f l ,  where fl is a constant 

with 0 < fl < re~2. I f  p(A) ÷ ~ then p(A) contains the sector [ arg((  - to)[ < 

(x/Z) + ft. 
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