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ABSTRACT
This paper concerns the abstract Cauchy problem (ACP) for an evolution
equation of second order in time. Let 4 be a closed linear operator with
domain D(4) dense in a Banach space X. We first characterize the exponen-
tial wellposedness of ACP on D(4**!), Kk EN. Next let {C(?); tER} be a
family of generalized solution operators, on [D(4*)] to X, associated with an
exponentially wellposed ACP on D(4**!). Then we define a new family { T(¢);
Re 1 >0} by the abstract Weierstrass formula. We show that {T(¢)} forms a
holomorphic semigroup of class (H,) on X.

1. Introduction

Let X be a complex Banach space with norm || - || . Let 4 be a closed linear
operator with domain D(A4) dense in X. In this paper we shall restrict ourselves
to the case in which 4 has a nonempty resolvent set p(4). Let Y be a linear
manifold in D(4) and consider the differential equation in X

(1.1) (dd)u(t) = Au(t), tER.

By an abstract Cauchy problem on Y we mean the following:

ACP. Given two elements x, y €Y, find an X-valued function u(¢) = u(¢; x, y)
defined on R such that

(A)) u(t) is twice continuously differentiable in ¢,
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(Ay) u(t)eD(A), u(r) satisfies (1.1),

(A;) u(0)=x, (d/dt)u(0)=y.
A function u(¢) satisfying (A,)-(A;) is called a solution to ACP.

We say that ACP on Y is exponentially wellposed if for every x, y € Y there is
a unique solution u(¢) = u(¢; x, y) to ACP on Y, satisfying

(EG) There is a constant @ > 0, called the constant of exponential growth,
such that

| u@) || + | ") ]| = Oe®"")  as|t|— o,

where u”(¢) stands for (d¥%dt>u(t).

The main purpose of this paper is to characterize the exponential wellposed-
ness of ACP on D(4¥*1), k €N. Namely, we shall present a criterion for ACP
on D(4%*1) to be exponentially wellposed. Here it should be noted that ACP
on D(A) is exponentially wellposed if and only if 4 is the generator of a cosine
family {C(t); t ER}; in this case a unique solution to ACP is given by

u(t; x,y)=C()x + fot C(s)yds

(see Fattorini [4]).
Before stating our result, let us briefly sketch the same problem for first order
differential equations of the form

(1.2) (d/dtyu(t) = Au(r), u(0)=x.

As a classical result of Hille [6] and Phillips [13] it is well known that ACP on
D(A) is (exponentially) wellposed if and only if A is the generator of a
(Cyp)-semigroup {7(¢); t Z 0}; in this case a unique solution to ACP is given by
u(t; x) = T(t)x (see e.g. Goldstein [5], Krein [8] or Pazy [12]). The exponential
wellposedness of ACP on D(4**"), kEN, was treated by Oharu [10] and
Sanekata [14]): ACP on D(4%*") for (1.2) is exponentially wellposed if and
only if

(F,) there is w > 0 such that p(4) D {A€C; Re 1 > w},

(F,) there is a constant M > 0 such that for x € D(4*),

|RA;A)x || E=MRel—w) " || x|, Rei>w, n€EN,

where R(4; A) denotes the resolvent of 4 and

k
Ixhe=2 I4x], Ax=x.
j=0

j=
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The “if” part of the characterization was previously proved by Oharu [10] and
the “only if” part was shown later in Sanekata [14]. Recently, these facts have
been extensively studied by Neubrander [9] through the notion of integrated
semigroups.

The first result in this paper is a second-order analogue of the Oharu-
Sanekata theorem and is stated as follows: ACP on D(4**!) for (1.1) is
exponentially wellposed if and only if

(I) there is @ > 0 such that p(4) D {A’€C; Re A > v},

(ID) there is a constant M > 0 such that for x € D(4%),

| (@/da)y"~ARGL A)x] || < M(n — 1) (Re A — @) ~" || x s,
Rel>w, n€EN.

The “if” part of the above statement was proved in [16]. Thus, this paper
concerns the “only if” part.

In [16] we have constructed a family {C(¢); t ER} of solution operators to
prove that ACP on D(4**!) is exponentially wellposed. C(¢) is a bounded
linear operator on [D(4%)] to X:

1COx || <Me* | x|, xEDAY), (ER.

Thus, we can define a new family {7(¢); Re t > 0} of linear operators by the
abstract Weierstrass formula

(1.3) T(t)x = —\/1n=t fo " e C(s)xds.

The second purpose in this paper is to make the properties of {7(¢)} clear.
Let b €p(4). Then we shall rewrite (1.3) as

(mt)*T(t)x

= i <k> bk (_;t_1>1fow sz(s/\/Z)exp < - i—i) C(s)R(b; A)*xds,

j=0\J

where Hy(r) is the Hermite polynomial of degree 2. Using this formula,
we can show that {T(¢); Ret > 0} is a holomorphic semigroup of bounded
linear operators on X. Furthermore, we prove that for any ¢ >0, {T(¢);
larg t| <(m/2)— ¢} forms a semigroup of class (H,) and 4 is its complete
infinitesimal generator. Roughly speaking, { 7(¢); |arg ¢ | <} is of class (H,) if
for any 6 >0,
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NT@) || =0(tI™) and || T(t)x —x| —0 forxED(4*)

as |¢| =0 with |arg ¢| = a — 4. This result is a generalization of the following:
If A is the generator of a cosine family on X then A is also the generator of a
holomorphic semigroup of class (Cy) on X (cf. Goldstein [5], II-§8; see also
Yosida [18]).

This paper consists of four sections and appendix. In Section 3 we character-
ize the exponential wellposedness of ACP on D(4**'), k EN. As a preliminary
we discuss in Section 2 solution operators of ACP. Section 4 is devoted to
abstract Weierstrass semigroups associated with families of solution operators
of ACP. Finally, we show in the Appendix that the original definition of a
semigroup of class (H,) is equivalent to a slightly simplified one.

2. Preliminaries

First we state some consequences of the exponential wellposedness. In the
definition of exponential wellposedness in Section 1, we have assumed the
exponential growth of solutions and their second derivatives as condition
(EG). But, as is easily seen, (EG) is equivalent to

2.1 Nu@) | + @@+ u”@) ]| =0 as|t|—c0.

Now let 4 be a closed linear operator with domain D(4) and range R(4) in X.
Suppose that ACP on D(4**!), kEN, is exponentially wellposed and let
u(t; x, y) be a unique solution to ACP with 4(0) = x and u’(0) = y. Then it
follows from the linearity and uniqueness that

u(t; x,yy=u(t; x,0) + u(t; 0, y).

Moreover, the equivalence of (EG) to (2.1) implies that

u(t; 0, y)=fotu(s;y, 0)ds.

Thus, the solution to ACP with #(0) = 0 and «’(0) = y can be represented as
the indefinite integral of the solution to ACP with 4(0) = y and u’(0) = 0. So, it
suffices to consider the ACP with ¥/(0) =0, and we come to a definition of
solution operators. Let U(f) be a linear operatof assigning the solution
u(t; x, 0) to an initial value u(0) = x ED(A**"):

(2.2) U(t)x = u(t; x, 0), tER.

We shall clarify some properties of the family {U(¢); t ER}.
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LEMMA 2.1. Let A be a closed linear operator in X. Assume that ACP on
D(A**") is exponentially wellposed and let {U(t)} be the associated family of
solution operators. Let jEN. Then for x €D(A**/+Y), U(t)x is 2j-times con-
tinuously differentiable, with values in D(A7), and

(2.3) (d¥dt)U(t)x = AU(t)x = U(t)4d’x, t€E€R.

PrOOF. We can prove the assertion by induction. Let j = 1. Then the first
equality in (2.3) is obvious. We have to show that

(2.4) AU()x = U(t)Ax  for xED(A**?).
Since Ax ED(A**"), we have

(d¥dt)U(t)Ax = AU(t)Ax.
It follows from the closedness of 4 that

@.5) Ul)Ax = Ax + A fo "t = $)U(s)Axds = Az(t),

where we have set

) =x+ f’(z — $)U(t)Axds.
0

Noting (2.5), it is easy to see that
(d¥dtHz(t) = U(t)Ax = Az(1),

z(0)=x, z/(0) =0,
and
Iz@) |+ 11 z7() || = O(e”'")  as |t} — .

Thus, by the uniqueness of solutions, we obtain z(t) = U(t)x and U(t)Ax =
Az(t) = AU(t)x. The rest of the proof is easy. Q.E.D.

Let A4 be a closed linear operator in X. Then for K €N we may regard D(4%)
as a Banach space with respect to the norm

Ixle=lx+NAx+---+[4%].
We write [D(4*)] for this Banach space.

LEMMA 2.2. Let A and {U(t)} be as in Lemma 2.1. Assume further that A
has a nonempty resolvent set p(A). Then there is a constant M > 0 such that for
all x ED(A*+1),
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(2.6) [ U)X || S Me®" | x |lx, tER.

Proor. To prove the assertion we need to introduce the Banach space
Z,:=CR;[D()]) of all D(4)-valued functions on R which are
Il - lli-continuous, with finite

sup{e~“" [l u(t) |l;; t ER}.

The norm of u € Z,, is this supremum.
Now we define a linear operator L on [D(4¥*")] to Z, by

Ly:=U()y, y€DA*).

To show that L is closed, let y, =y (n — o) in [D(4** Y] and Ly, = U(+)y, —
z()(n— ) in Z,. Then

(@1dt)U(t)y, = AUy, = Az(1)  (n— )
uniformly in ¢ on any finite subinterval of R. Going to the limit in the equality
UOp, =y, + [ (¢ = sXUdsH UG s,
we have .
z)=y+ fo (t — 5)Az(s)ds,
i.e., z(t) is a solution to ACP on D(4**'). Since
Lz@) |+ 1 27) | = O®") s [t] oo,

it follows from the uniqueness that z(¢) = U(t)y. Therefore, L is closed. By the
closed graph theorem we can find a constant N > 0 such that

I U@y | =Ne““ |y fles1,  YEDEA*Y.
Next let bEp(4) and x ED(A**!). Then y:= R(b; A)x ED(4**?), and
Ny e =1l ROO; X s E N X s

where N, = max{ || AR(b; 4) ||, || R(b; 4) || }- On the other hand, it follows
from Lemma 2.1 that U(t)x = (b — A)U(¢)y. So, we have

| UOx | =N || U@y ||,
where N, = max{|b|, 1}. Thus, we obtain (2.6) with M =N-N;-N,. Q.E.D.

The next lemma is due to Oharu (see [10], Lemma 2.7).
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LEMMA 2.3. Let A be a closed linear operator with domain D(A) dense in X
and p(A) # & . Then for every pair of positive integers m and k with m = k,
D(A™) is dense in [D(A*)). In particular, D(A™) is a core for A, i .., the closure
of the restriction of A to D(A™) is again A for m EN.

For a densely defined operator we have

ProrosiTION 2.4. Let A be a closed linear operator with domain D(A)
dense in X and p(A) # & . Assume that ACP on D(A*™"), kEN, is exponen-
tially wellposed and let {U(t); t ER} be the associated family of solution
operators defined by (2.2). Then U(t) can be uniquely extended to a continuous
linear operator (the extension will be denoted again by U(t)) on [D(4%)] to X

satisfying

Q.7) | U)x || = Me“" || x [l,, xED(A), tER,

(2.8) UOxECR; X)  forx ED(A),

2.9) (d¥d)Ut)x = AU(t)x = Ut)4’x, xED(A**), tER,
(2.10) || (@/dn)U(t)x || S M|t]e®V || Ax |x, xED(A**)), (ER.

Proor. It follows from (2.6) that U(t) has a bounded extension in [D(4%)].
But, since D(4**") is dense in [D(4*)] (see Lemma 2.3), the extension is
unique and (2.7) follows from (2.6). Thus, we can prove (2.8).

Now we prove (2.9). We have only to show the second equality in the case of
j = 1. The proof is based on the equality (2.4). Let x € D(4**"). The proof is
based on the equality (2.4). Let x €ED(4**"). Then, since D(4**?) is dense in
[D(A4**")] (see Lemma 2.3), there is a sequence {x,} in D(4**?) such that
X, —~Xx (n—o0) in [D(4**")]. Hence it follows that x, —x and Ax, — Ax
(n — o) in [D(4%)]. By virtue of (2.7) we have

Ut)x,—~ U(t)x and U(t)Ax,— U(t)Ax 1in X.

Going to the limit » — oo in (2.4) with x replaced by x,, we see from the
closedness of A4 that U(t)x €D(4) and AU(t)x = U(t)Ax, x ED(A**"). Thus
we obtain (2.9) with j = 1. The rest of the proof is easily completed by
induction.

Now that (d/dt)U(0)x = u’(0; x, 0) = 0, we see from (2.9) that

(dldt)U(t)x = f "Uls)xds,  xED(A*Y,
0
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Therefore, (2.10) follows from (2.7). Q.E.D.

Let Z be another Banach space. Then we denote by B(Z, X) the set of all
bounded linear operators on Z to X.

DErINITION 2.5. {U(t);  ER} C B([D(4%)], X) constructed in Proposi-
tion 2.4 is called a family of generalized solution operators for ACP.

In the remainder of this section we shall mention certain classes of semi-
groups of bounded linear operators on X.

Let B(X) be the set of all bounded linear operators on X to X. Then a one-
parameter family {7°(¢); ¢ > 0} in B(X) is called a semigroup on Xiof T(t + s) =
T()T(t)fort, s > 0and if T(¢) is strongly continuous for ¢ > 0. We denote by
A, the infinitesimal generator of {T ()}, i.e.,

Agx = lim h~'[T(h)—Ix
h-+0

whenever the limit exists. If A, is closable, then the closure of A, is called the
complete infinitesimal generator of {T(t)}.

Now, let {T(t);t >0} be a semigroup on X. If in particular T(¢) can be
extended holomorphically into a sector |arg ¢ | <<« for some 0 <« =< n/2, then
{T(t);|arg t| <a} is called a holomorphic semigroup on X.

Let w, be the type of {T(¢)}: wy=1im,., ¢ 'log| T(¢)|. Let m be a
nonnegative integer and A €C with Re 4 > @,. Then we define

R, (AMv:=1/m!) fow t"e~MT(t)vdt

=(1/m") limf tme~MT(t)vdt
d—=+0Js

T
whenever the limit exists.

DerFINITION 2.6. Let nE€N. Then a holomorphic semigroup
{T(t);|argt| <a} on X is said to be of class (H,) if it satisfies the following
conditions:

(1) T(t)x =0 for all t > 0 implies that x =0,

(ii) Xp:=U,o T(H)[X] is dense in X,

(iii) for each € (0 <& = a) there exists L, > 0 such that

| TR, - 1(b)x || S L.e“® || x ||, xEX, largt|=a—c¢,

where b and w are constants satisfying
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b>w>w=lmt'log|| T(1)|,
t—=o0

(iv) there is a constant K > 0 such that
| RoB)x | =K || x || for x € X,.
REMARK 2.7. A semigroup of class (H,) was introduced in [11], however,
Definition 2.6 is an equivalent definition given in the Appendix of this paper.
3. Abstract Cauchy problems

Let A be a densely defined closed linear operator in X with p(4)# &.
Suppose that ACP on D(4**!), kEN, is exponentially wellposed with the
constant of exponential growth @ > 0. Then we have constructed a family
{U(t); tER} of generalized solution operators (see Definition 2.5). Let
x €D(A*) and 2 €C with Re A > w. In view of (2.7) we see that

(.1) L0(12)x:=i L * e~ U(t)xdt

is well defined, i.e., ALy(A%)x is the Laplace transform of U(t)x.
LEMMA 3.1. Let Re A > w. Then there is a constant K > Q such that
(3.2) | LeA)x [ =K (| x|, x€ED(A").

PrROOF. Let x €D(4%) and b €p(A4). To simplify the notation let us intro-
duce the operator

VHOx:=(b —A)YU@RGb; A)rx, 0=j=k.
Since U(t)x = VE()x = (b — d¥dt)VE_ (H)x, it follows from (3.1) that
ALfADx=b f * e MVE_ (t)xdt — f ® oM@y dPVE_(t)xdl
0 0
=(b—1% fw e~ VE_ (Hxdt + AR(b; A)x,
0
where we have used (2.10). Continuing such a calculation, we obtain
® k—1
MLx = (b =¥ [ e Viod + T Ab —ADR(; 4)'x.
0 J=0
Since V&) = U(1)R(b; A)* is bounded on X by (2.7), we can obtain (3.2).
Q.E.D.
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LEMMA 3.2. LetRed > w. Then A*Ep(A) and
L(ADx =R(UA*A)x=(*-4)"'x, x€ED(A").

PrRoOOF. Let L(A?)€B(X) be the extension of Ly(A?); note that D(A*) is
dense in X. Then it suffices to show that

(3.3) LAHA*—A)x=x, x€EDA),

(3.4) A2—ALAY)y =y, yELX.

First we prove (3.3). Let x €D(4%*"). Then we see from (2.9) that
L(AY)(A? — A)x = Ly(AH(A* — A)x

1

= e~ H(A2 — dYd)U(t)xdt = x.
0

Since D(4**") is a core for 4 (see Lemma 2.3), we can obtain (3.3).
Next let y € D(4¥*1). Then, as shown above, we have

fw e~ M2 — A)U(t)pdt = Ay,
0

It follows from the closedness of 12 — A that
(A2 = A)L(AD)y =y.

Since D(4**") is dense in X, (3.4) follows again from the closedness of 12 — A4.
Q.E.D.

Now we are in a position to state a characterization theorem for the
exponential wellposedness of ACP on D(4**'), Kk EN.

THEOREM 3.3. Let A be a densely defined closed linear operator in X with
nonempty resolvent set p(A). Let @ > 0 be the constant of exponential growth.
Then ACP on D(A**"), kEN, is exponentially wellposed if and only if A
satisfies the following two conditions:

(I) there is w > 0 such that p(A) D {A*€C; Re 1 > w},

(1) there is a constant M > 0 such that for x € D(4*),

| (d/dA)""AR(A% A)x] || =M(n — 1! (Red — @) ™" | X ||«
Rei>w, n€EN.

ProoF. First we prove the “only if ” part. It follows from Lemma 3.2 and
Proposition 2.4 that



Vol. 69, 1990 ABSTRACT CAUCHY PROBLEMS 267

(PEC;Re 1> w} C p(4)
and for x € D(4*), AR(A% A) and its n-th derivative are given by

AR(Z A)x = fo e U(t)xdt,
(d/dl)"[/lR(lz;A)x]=fm(—t)"e"’U(t)xdt, nE€N.
0

Therefore, condition (II) follows from (2.7).
The “if“ part has already been proved in Takenaka-Okazawa [16] (see
Theorem 3.4 below). Q.E.D.

Here for later use we state a better sufficient condition for ACP on D(4**")
to be exponentially wellposed. The conditions are regarded as a real version for
conditions (I) and (II) in Theorem 3.3.

THEOREM 3.4. Let A be a densely defined and closed linear operator in X,
and let k €EN. Assume that
(Lea) there is a constant w >0 such that

p(A4) D {A*ER; A > w},
(Ieq) there is a constant M > 0 such that for x € D(4%),
| (@dA)" AR A EMn — DA —w) " | x|k, A>w, nEN.

Then there is a family { C(t), t ER} of (generalized solution) operators given by

i (_ l)n—l
Cx=lm"

VIR
<t> <dl> [AR(2% 4)x] ll=n/1 (t>0),

COx=x, Ct)x=C(—t)x (<0) forxeD(A"),

where the convergence is uniform with respect to t on every bounded interval of
[0, o0). {C(2)} has the following properties:

(a) for each x € D(4%), C(t)x is continuous on R,

(®) | CO)x || = Me“'" || x ||, x ED(AX), t ER,

(c) (d¥dth)'C(t)x = A'C(t1)x = C(t)A'x, xED(A*), t ER,

(d) | (@/de)C(e)x | = Mt]e" || x ||x, x ED(A4%), t ER,

(€) AR(A% A)x = [ e *C(t)xdt, x ED(A¥), A > w,

(f) u(t; x,y) = C(t)x + [§ C(s)yds is a unique solution to ACP on D(4**")
with |u(t; x, y) | = MQ + [t)e”" ()| x |l + | v lx), and
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| (@/dtyu(t; x, ) | = M+ [t De? ()| Ax I + [ ¥ 1)
for x, yED(A*T).
Consequently, ACP on D(A**") is exponentially wellposed.

The properties (¢), (d) and (f) are not explicitly stated but essentially proved
in [16].

CoROLLARY 3.5. Let A and {C(t); t ER} be as in Theorem 3.4. Then for
xE€D(A*) and t >0, C(t)x is also given by

. (_1)" n\n+1/ d\n .
69 cow=lm SR (S) 0ROS AN o

PrOOF. Let us use the following notations:
Fix:=(dld)"[RA}A)x), Gix:=(d/dA)"[AR(A% A)x].
Then we obtain a simple relation
(3.6) AGIx + nG}~'x = AF} x.
Furthermore, (I1.,;) implies that for x ED(4*) and A > w
(3.7) IFix | =M@+ DA — @) ™" x .
(For proofs of (3.6) and (3.7), see [16].) Now set

._(—l)n—l nn—1
C,,(t)x.—————(n Ty (n/o)y"Grri'x, t>0,
(=1)"

n!

W,(t):= (n/t)"+'Gr,, t>0.

To prove (3.5), it suffices by Theorem 3.4 to show that
lim || C,()x — W,(t)x | =0, xED(4*), t>0.

But we see from (3.6) that

(=

n!

C.()x — W,(t)x = (n/t)y'AF;, x.

Therefore, it follows from (3.7) that for x € D(4**"),
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Mt 1 wf\ -2
G = o =20 (14 (1=2) " L

Noting that || W,(t)x | = M(1 — wt/n) "' || x |Ix, X € D(4*) (use condition
(IL..)), (3.5) can be obtained by Lemma 2.3. Q.E.D.

REMARK 3.6. Let {C(¢)} be as in Theorem 3.4. Then for x € D(4%),
{C(t)x} has the cosine property

Cit+s)x+C(t—s5)x=2C)C(s)x, t,sER;

see [16]). Consequently, if we take k = 0 in Theorem 3.4, then {C(¢)} forms a
cosine family. The generation theorem of cosine families was established by
Sova [15], Da Prato-Giusti [2] and Fattorini [3]. Here we note that Sova and
Fattorini proved (3.5) for a cosine family {C(¢)} through the Post-Widder
inversion formula.

Now let B be a densely defined closed linear operator in X with nonempty
resolvent set: p(B) # J. We consider the first order differential equation:

(3.8) v’(t) = Bu(t), teER, v(0)=x.

Applying the Oharu-Sanekata theorem to + B, it is easily seen that the
problem (3.8) on D(B**!), k €N, is exponentially wellposed if and only if there
are constants @ = 0 and M > 0 such that

(3.9) {(AER;|2| > w) Cp(B),
(G.10) JA=B) " =M(Al—@) " x|y |Al>w, nEN.

CoROLLARY 3.7. Let B be a densely defined closed linear operator in X,
satisfying (3.9) and (3.10). Put A = B? in ACP for the second order equation.
Then ACP on D(A**') = D(B**+Y) js exponentially wellposed :

ProoF. Since we have
A -B) '+ (A +B) "|=4(A*-B)",

we can easily show that 4 = B? satisfies the assumption of Theorem 3.4.
Q.ED.

ProPOSITION 3.8. Let A be a densely defined and closed linear operator in
X satisfying
() there is w > 0 such that {A*€C;Re 1 > w} C p(A),
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(IL,;) there are constants M >0 and 6 > 0 such that
NARGALA) | EM(1 + |A1¥), Rei>w.

Let 8 > max{0, w} andk:= [ + 1/2] + 1. Then there is a constant N > Q such
that for x €D(4*), Re A > B and n €N,

@G.11)  ||[(d/di)" "' ARMAH A)x] | = N(n — DIRe 2 — )" || X [|s.
Consequently, ACP on D(A**") is exponentially wellposed.

PrROOF. Let A2€p(4) and x € D(4*). Then we have

k
(3.12) RUA%A)x = Y A7¥47 " 'x + A~ *R(A% A)A*x.
j=1
Let f# > max{0, w}. Then we can define the inverse Laplace transform of
AR(A% A)x:

B+it
z(t;x):='1i*n£(2ni)“L_A Ae*R(A% A)xdi, t>0.

By calculation of residues and condition (II,,;) we have
k t2} -2

26x)= 2 5o

B+io
Af-1x+(2m')-'f A2+ R (A2 A)A*xdA.

B—iw
The second term on the right-hand side is estimated by
© 24 .2
n o (Bt TH

note that k — J > 1/2. Setting z(0; x) = x, we can find a constant N > 0 such
that

dr | A*x || ;

(3.13) | z(¢; x) | = Ne || x ||«

Now we consider the Laplace transform of z(¢; x). Noting that
@© B+ic
f e—Atf p—2k+ley:R(‘u2;A)Akxd‘udt
0 p—iw

B+iwo

- f (A — )~ R (%, A)A xdu
B—iw

= (27:1')/1_2’“r lR(zlz; A)A"x,

we see from (3.12) that
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AR(A% A)x = fw e Mz(t; x)dt

0
and hence

(d/dA)"~ AR A)x] = f ® (= )" te~Hz(t: x)dt.
0

Thus, (3.11) follows from (3.13). Q.E.D.

REMARK 3.9. Proposition 3.8 is a second-order analogue of Theorem
4.7(a) in Oharu [10] and was first proved by Cioranescu ([1], Corollary
after Proposition) with slightly rough estimates (see also Neubrander [9],
Corollary 7.8).

Anyway, condition (II,,;) may be replaced by
(IL,,) for any e > 0 there is a constant M, > 0 such that

NARGEAY | S M,(1+ |A%), Reizw+e.

Before concluding this section we give an example of an operator satisfying
conditions (I) and (I,;)’. Let E be a (n + 1) X (n + 1) unit matrix and Fbe a
(n + 1) X (n + 1) nilpotent matrix such that only the first upper diagonal
elements are equal to one.

ExaMPLE 3.10. Let X =11"*! LAR) and consider the multiplication oper-
ator in X defined by

n+1 .
(Ax)(p)=A(p)x(p)= ¥ (- p)F'~'x(p), PER,
j=1
where x(p)="T0q(p), xAp), ..., %, +1(p)) and F'=E. Let {€C with
Jarg { | <m. Then the matrix {E — A( p) is invertible and the norm of its
inverse

[CE —A(p)]™!
(3.14) n
=P+ TE+ T (=0 pYt(pr+ () UrIF)

i=1
1s uniformly bounded in p. This shows that p(4) contains the sector |arg { | <
7, ie., {A’€C;Red >0} Cp(4). Now let ¢>0 and A€C with Red =¢.
Then, since
A?=(Re AP —(ImA)*+ 2i(Re A)(Im A),
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we see that for p ER,
[P+ 2% = |ImA%| 2 2e|Im 4| = /2e]A| if |argA|= n/4,
PP+ A z|APzelA| if |arg | = /4.
Therefore, it follows from (3.14) that for Re 1 = ¢,

I(A2=A)"" | Ssup(1p?+ 227"+ T [APU7Dp2U*h| p2+ 22|70+ D)

PER j=1

SEIADT+ 2 IAPYTIL A+ A PREIAD T
j=1

j=
So there is a constant M, > 0 such that
| AA2=A)" || S M1+ |2, Rel Ze.

Since D(A) is dense in X, A4 satisfies the assumption of Proposition 3.8 with
(IT,) replaced by (1LY .

REMARK 3.11. Itisshown in[11] that the operator in Example 3.10 is the
complete infinitesimal generator of a semigroup of class (H,).

4. The abstract Weierstrass formula

Let A be a densely defined and closed linear operator in X. Assume that 4
satisfies two conditions (I.;) and (II,.,) in Theorem 3.4. Then there is a family
{C(); t ER} of generalized solution operators for ACP. The properties of
{C(¢)} are summarized in Theorem 3.4.

Now we introduce a new family {7(z); Re t > 0} in B(X). But T'(t)x is first
defined on D(4*) by the abstract Weierstrass formula

1 @ )
4.1) T(t)x =———f e S"C(s)xds  for x € D(A*).
JAatJo
As is easily seen, T(¢)x is holomorphic in ¢ in the right half plane. First we note

that T(z)x (¢ > 0) has exponential growth. In fact, setting s = 2\/20 in (4.1),
we have

_2 (e
T == fo exp( — 0)C(2./10)xdo.

Thus, we see from Theorem 3.4(a) that
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4.2) I T()x || £ 2M exp(w?t) || x |k, XxEDAY), t>0.

In what follows we shall show that {7(¢); Re r > 0} is a holomorphic semi-
group on X (see Proposition 4.5) such that for any ¢ (0<e<m/2),
{T(t);|arg t| = (n/2) — ¢} forms a semigroup of class (H,) introduced in
Section 2 (see Proposition 4.11).

LEMMA 4.1. Let {C(1)} be a family of generalized solution operators for
ACP. Let x ED(A*). Then {T(t)} defined by (4.1) has the following properties:

(@ | T)x || £2M(|t|/Re t)exp(w?|t|/Ret) | x ||x, Re t >0,

®) || T@)x | =@M/ /sin e)exp(w?Re t/sin’ ) || x ||, |arg t | S n/2 — ¢,

©) | T(t)x —x||—0as |t|]—=0with |argt|=n/2 —¢,

(d) R(A; A)x = [§ e MT(t)xdt, A > w.

ProoF. (a) Let xED(4*) and Re ¢ > 0. Then it follows from Theorem
3.4(b) that

Ret
4|t

|1} )“ZJ“” ( 2w|t] )
2M exp| — o2+ o) | x |l.do
(n Ret) Jo &P NI A

|t|>“2 (wzmz)
=M (— exp | ——) [ x [|..
Re? P\ Ret Ix e

(b) Given ¢ (0 <& < z/2), we have

| T)x || S (mit])~1? J:O exp < — s2> | Cs)x || ds

A

4.3) Ret =|t|cos(argt)=|t|sine(|argt|=n/2 —¢).

Thus, the desired estimate follows from (a).
(c) Noting that

" 2
(m)‘”zf exp(—:—t>ds=l, Ret >0,
0

we obtain

® Ret
I T(t)x—x||§(7r|t|)‘“2f exp<—4|€:|2s2) | C(s)x —x | ds.
[}

Since C(s)x is continuous on R, for any > 0 there is § = d(n) such that

| CGx —xf<n  (Is]<9).
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Then we divide the integral into two parts:

) ©
I T(t)x—x||é(nltl)‘”z(f0 +J; >=Il+12.

Fix ¢ (0 <& <7/2). Then it follows from (4.3) that

s sin ¢
Ilén(nltl)“’zf exp(—1 sz>ds< 1.
0 4t /sin¢g
Next, setting N = (M + 1)(|| x |l + || x || ), we have

© si
IzéN(nltl)“’zf exp(——n—ssz+ws>ds
5 41|

2N o 2|t
= : f exp( — d%)do exp (a) | I) ,
sin e J»o0

VI sin &
where y(t) = (6 /sin £/2|t|) — w(| t|/sin &)"*. Since p(¢)— o as [¢|—0 with
largt | = n/2 — ¢, we can obtain (c).

(d) We give a formal calculation. Let x €D(4*) and A > w? Then the
assertion follows from (4.1):

f " e~ T(1)xdt = f e [(nt)‘”2 f ) e“z""C(S)de] dt
0 0 0

2

= fom [fow (mt) "2 exp ( _i_t — At) dt] C(s)xds

=/1—1/2fwe-~/ffC(s)xds =R(4; A)x,
0

where we have used Theorem 3.4(e). The calculation can be easily justified.
Q.E.D.

LEMMA 4.2. Let {C(t)} be asin Lemma 4.1. Let y € D(A**"). Then C(t)x
satisfies the following equality:
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f ? exp ( — S—Z> (d*ds?)C(s)yds
0 4t

44) = % L * (; 1) exp ( - —) C(s)yds

5o e (=5)

ProOF. We see from Theorem 3.4(d) that

C(s)yds, Ret>0.
s (s)yds e

2 L exp ( — i;) (@1ds)C(s) yds = fo 5-exp < _ i—) (d/ds)C(s) yds.

One more integration by parts gives (4.4) because of Theorem 3.4(b). Q.E.D.

LEmMMA 4.3. Let {C(¢)} and {T(t)} be as in Lemma 4.1. Then {T(t)} has
the following properties:

(@) (d/dD)T(t)x =AT(t)x = T()Ax, xED(A**"), Ret >0,

(b) A'T(t)x = T(t)A’x, xED(A**/),jEN, Ret >0,

(€) T(t + s)x = T(O)T(s)x, x ED(A*),Re t >0, Re s > 0.

ProoF. (a) Differentiating (4.1) in ¢, we have

-—T(t)x—(nt) ”22 f < )e p(——z) C(s)xds.

It follows from (4.4) and Theorem 3.4(c) that

1 — —-122 * _ S_z 2
7 T()x = (nt) fo exp ( 4{) (d*1ds?*)C(s)xds

(4.5) N §
- —12 -
(nt) fo exp < 4t) AC(s)xds.

Since A is closed, we obtain (a).

(b) is shown by induction. The case of i = 1 is contained in (a).

(c) It suffices by the analyticity to show the “semigroup” property for
t,5>0. Let x€D(4**"). Then it follows from (4.2) and (a) that
T(t —r)T(s + r)x is continuously differentiable in r. Hence we see from
Lemma 4.1(c) that
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Tt +s)x =TT (s)x= J:dﬁr[T(t —nT(s+r)x)dr
= for T(t —r)A —A)T(s + r)xdr =0.

Here we note that T(t)T(s)EB([D(4*)], X). Since D(4**") is dense in
[D(4%)] (see Lemma 2.3), we obtain (c). Q.ED.

LemMMA 4.4. Let {T(t)} be as in Lemma 4.1. Let t€EC with |argt|=
(n/2) — e (0 <& =m/2). Then there are polynomials p(|t|) and q(|t|) with
non-negative coefficients depending on € such that

ZRef

46) | T@x | SNitI™*p(It])exp (“’

sin® ) X1, x€DU",

2

@.7) H-‘i T(t)xH = N|t|~*+g(|¢])exp (“’. Re
dr sin’ ¢

Yix1. xepus,
where N = (2/n)"?M Z}_¢ | A’R(b; A)* || and the degrees of p(|t|) and q(|t])
are k and k + 1, respectively .

Proor. First let x€D(4%) and bEp(A4) (b > w?). As in the proof of
Lemma 3.1 we set

VE(s)x:= (b — AYC(s)R(b; d)*x, O0=j=k.
Since C(s)x = (b — d¥ds*)VE_ (s)x, it follows from (4.4) that

e o4 (-]
S
[ B ()

where (}‘) is the binomial coefficient. Remembering that the Hermite poly-
nomial H,,(r) is defined by

VE_ (s)xd.
el 1(s)xds

Vs)xds,
s o(s)

H,,(r) = exp(r¥/2)(d*dr?)/[exp(— r¥/2)], JjJEN,

we obtain
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() 2T (t)x

=§<">bk-1< ) f Hz,(s/\/—i)exp<*—>C(S)R(b A)x

j=0\J

(4.8)

Now we evaluate the integral on the right-hand side of (4.8):

° 2
f Hy(s/\/2t)exp ( - z—t) C(s)yds |,
0

Let Hy(r) be the polynomial satisfying
|Hy (OIS Hy(1L1),  (E€C.
Then it follows from Theorem 3.4(b) and (4.3) that

L=(m|t])~"? y = R(b; A)*x.

L=Mn|t])" 1/2f Hz,(s/,/2|t )exp(—-ms +ws)ds Iy e

w?|t] sin ¢ w/2|t]\?
éNlIxIIexI)(sirlw)f Hz,(r)ex[ (r— sinsl>]dr

w?*Ret . 20t si
<N||x||exp( S £>f wH2j<s+wsinl: l)exp(——1;652>d3,

where N = (2/7)"?M -2}, || A’R(b; A)* || and

© 2t i
Pj(ltl):=f H2j<s+w - ! I)Cxp(-—s—lgsz)ds
) sin ¢ 2

is a polynomial of degree j. Thus we obtain (4.6).
Next let x ED(A**") and b Ep(4) (b > w?). Then it follows from (4.5) and

(4.4) that
dZ r2

172 —_— —_ —_—

(m) dT(t) f dr[ p( 2)]

We see from the calculation in the proof of (4.6) that

C .
/B (s)xds

(rt)"(d/dt)T (t)x

-5 Sl
2tJo 2tdr?) dr? P 2

e B C(s)yds
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C(s)yds

= f: ,-i) (f ) b ((2z)flzj (22)J+l[exp ( B %2)] -~y

- i <k)b I)Jf HZUH)(S/\/—)exp(——) C(s)yds,

j=o \J (21)/*!

where y = R(b; A)*x. Evaluating the integral J; , ,, we obtain

2
<N| x| exp (“’, lje t) ﬁ <k> b*=i(2t)=0*Yp,, (17]). QED.
J

Ttx
“d () sine / j=o\j

T(t)x was first defined for x € D(4*) by the abstract Weierstrass formula
(4.1). Now, by virtue of (4.8), we can define 7(¢)x for an arbitrary x €X:

T(t)x = ﬁ ak(t) f szj(s/\/Z—t)exp<—i—i) C(s)R(b; A)kxds,
j=1 0

where af(1) = (nt) ""2(*)b*~/(— 1/2t)’. Both definitions are equivalent for
x € D(A%). Also we see from (4.6) that 7(t)EB(X) for Re 1 > 0.

PROPOSITION 4.5. Let {T(t);|argt| <m/2} be the family in B(X) defined
as above. Then {T(t)} forms a holomorphic semigroup on X having the pro-
perties (a)—(d) in Lemma 4.1 and

(e) AT(t)EB(X), Re t >0,

) (did)T(t)=AT(t),Ret >0,

(g) A’T(t)x = T()A’x, xED(A’), Re t > 0.

PrROOF. By definition 7(¢) is holomorphic in the right half plane (in the
sense of norm). The semigroup property of {7'(¢)} follows from Lemma 4.3(c).
Therefore {7(¢)} forms a holomorphic semigroup on X.

(e) It follows from Lemma 4.3(a) and (4.7) that AT(¢) is densely defined and
bounded. Noting that AT(¢) is closed, we see that AT(¢)E B(X).

(f) It follows from the holomorphy of {7(z)} that (d/dt)T(t)E€ B(X) for
Re ¢ > 0. In view of (¢) and Lemma 4.3(a) we obtain (f).

(g) It suffices to show the case j = 1. Let x ED(A). Then, since D(4**")isa
core for A (see Lemma 2.3), we can find a sequence {x,} in D(4**") such that
x, — x and Ax, — Ax (n — ). By Lemma 4.3(b) we have

AT()x, = T(t)Ax,, Ret>0.
Going to the limit n — co, we obtain the desired equality. Q.E.D.
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DEFINITION 4.6. The holomorphic semigroup {7(¢)} obtained by Propo-
sition 4.5 is called an abstract Weierstrass semigroup on X associated with a
family {C(¢)} of generalized solution operators for ACP.

Let {T(¢);|arg t| <m/2} be an abstract Weierstrass semigroup on X. In the
rest of this section we shall show that for any ¢ (0<e<m/2),
{T(t);|arg t|<(n/2)— ¢} forms a semigroup of class (H,) introduced in
Section 2.

Let us introduce the useful notations:

Xo:= U TO[X], E:={xE€X; || T(")x—x||—~0(—+0)).

t>0

Then we see from Lemma 4.1(c) that
4.9) DUAXCZ.

LEMMA 4.7. Let {T(t);|argt|<<m/2} be an abstract Weierstrass semigroup
on X. Then {T(t); t > 0} satisfies the conditions (i) and (ii) in Definition 2.6.

ProOOF. (i) Suppose that T(¢)x =0 for all £ >0. Let bEp(4). Then it
follows from (4.9) and Proposition 4.5(g) that

R(b; A)x = lim T(t)R(b; A)*x = lim R(b; A)*T(t)x = 0.
t—+0 {(—+0
Therefore we obtain x = 0.
(11) Since X, is dense in L, (4.9) implies that X, is dense in X. Q.E.D.

Now let m be a nonnegative integer and A €C with Re A > w?. Here w is the
constant in condition (I..,)). We define

(4.10) R, (1)x = f * (me=HT(0)xdt
m!Jo

whenever the limit exists. Then it follows from (4.6) that for every x € X,
R,,(1)x makes sense (the factor sin® ¢ in (4.6) can be replaced by one if ¢ is real;
cf. Lemma 4.1(a)).

LEMMA 4.8. Let R,,(A) be as above. Then
4.11) R,A)x=RA; A" 'x, x€X, i>w>

Proor. First we show that
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(4.12) RfA)x =R(A;A)x, XxEXp A>

Let x €X,. Then there is £ > 0 such that x = T(h)y, y € X. It follows from
Proposition 4.5(f) and (g) that

(didt)e *T(t + h)R(b; A)y]= —e Tt + h)y, t>0,
and hence
R@A; AT (h)y = T(WR(4; A)y
= f: e MT()T(h)ydt = Ry(A)T(h)y, Ai>w’

Therefore we obtain (4.12).
If x €EX, and 4 > w?, then we have

_ (=D (d\
Ry(Ayx =*— <d/1> Ro(A)x.

Hence we obtain (4.11). Q.E.D.

LEMMA 4.9. Let {T(t);|argt| <m/2} be as in Lemma 4.7. Let b > o™
Then
(i1i") For any & (0 <& = n/2) there is M, > 0 such that

2

@.13) || TOR,_(b)x | = M, cxp( 2

n
) Ret> hxll, xeX, largt|=—-—e,
sin‘ ¢ 2

where

Mk .
I | 4’R(b;A) .

/sinégj=o

(iv) There is K > 0 such that

M, =

IR | =K |x]|, xEX.

Proor. (iii") We see from (4.1) and (4.11) with A = band m =k — 1 that
1 o s?
T(OR,_(b)x = ﬁ fo exp ( - 4_t) C()R(b; A)xds, x€EX,.

Therefore (4.13) follows from Lemma 4.1(b).
(iv) is a consequence of (4.12) with A = b. Q.E.D.
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REMARK 4.10. Unfortunately we could not replace w?%sin? ¢ in (4.13) by
just w2
PROPOSITION 4.11. Let {T(t);|argt|<n/2} be an abstract Weierstrass

semigroup on X. Then for any € (0 <e <n/2), {T(t);|arg t | <(m/2) — ¢} forms
a semigroup of class (H,) with complete infinitesimal generator A.

ProoF. We see from Lemma 4.7 and 4.9 that {T(¢);|arg t|<(n/2) — ¢}
forms a semigroup of class (H,) (the constant w in Definition 2.6 depends on
£: w(e) = w¥sin? g). So it remains to show that A4 is the complete infinitesimal

generator of {7(¢)}.
Let 4, be the infinitesimal generator of {T'(t); ¢ > 0}. Then condition (i)
implies that 4, has the closure 4, and

RMx=(A—4)~'x, XxEX,, i>a?
(see Lemma A.4 below). It follows from (4.12) that
(A—4)"'x=R(A;4), xEX, A>o’
Since X, is dense in X, we see that 4 = 20. Q.E.D.

Finally we state a necessary condition for ACP on D(4**') to be exponen-
tially wellposed.

THEOREM 4.12. Let A be a closed and densely defined linear operator in X
satisfying
(L) there is a constant w > 0 such that
p(4) D {AER; A > w},
(IL..,) there is a constant M > 0 such that for x € D(4*),

I @/dA)" [AR(E A)x] | S M(n — DA — @)~ " || x ||, 4>, nEN.
Then

(@) p(A) contains the sector |arg({ — w?)|<m,

(b) foranye(0 <e = n/2) thereis a constant M, > 0 such that for x € D(4*),

w2
arg (C ) )
sin’¢
Proor. Under the assumption ACP on D(4**!) is exponentially wellposed

(see Theorem 3.4). Consequently, p(4) contains the right half-plane Re 4 >
?. Moreover, we can construct an abstract Weierstrass semigroup on X. So

2 -1

" X "ka

<m-—Eé.

{_Cl)

N —A) x| =M |¢ ——
L3310
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we see from Proposition 4.11 that A4 is the complete infinitesimal generator of
an (H,)-semigroup {T(¢);|argt|<(n/2) — ¢} for any ¢ (0 <& <m/2). There-
fore it follows from Theorem A.2(b,) below that p(4) contains

aﬁ
arg(C— — )| <m—¢p.
sin® ¢
Hence we obtain (a).

(b) is a consequence of Theorem A.2(b,). Q.E.D.

U {CEC;

O<e<n/2

REMARK 4.13. Recently Watanabe [17] found fairly weak conditions
under which ACP has a unique solution for initial values in a dense subset Y of
X. The set Y becomes a linear topological space identified as an abstract
Gevrey space associated with 4. Conditions in this paper are really stronger
than those in [17]; however, as its consequence we could obtain a clear
continuous dependence of solutions on initial data.

Appendix

Let us begin with the definition of a semigroup of class (H,) which was
introduced in [11].

DerFiniTION A.1. Let nE€N. Then a holomorphic semigroup {7°(?);
largt|<a} (0 <a =n/2) on X is said to be of class (H,) if it satisfies the
following conditions:

(o)) T(t)x =0 for all ¢ > 0 implies that x = 0.

(0,) For each ¢ > 0 there is a constant C, > 0 such that

| "T@) || = C.e®®’  for largt|=a—g,

where w is a real constant.
(03) Xo:=U,>o T(t)[X]is dense in X.
(ay) Thereis b > wsuchthat R(R,, (b)) C R(R,())), where, as in Section 2,

1 @
Rpix =— f me~MT()xdt, mEN U {0},
m!Jo

whenever the limit exists, and R(R,(d)) is the range of R, (b).
(a5) For each & > 0 there is a constant K, > O such that || T(¢)R,_,(b)x || =
K || x|| forx€EX,and 0< |f]| <1 with |arg?| Sa—¢.
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A characterization for the complete infinitesimal generator of a semigroup
of class (H,) is given by

THEOREM A.2 ([11], Theorem 1.6). Let A be a closed linear operator with
domain D(A) and range R(A) in X and let nE€N. Then A is the complete
infinitesimal generator of a semigroup of class (H,) if and only if the following
three conditions are satisfied:

(b)) There is a constant wER such that p(A) contains the sector
larg({ — w)|<(®/2) + a for some 0 <a = n/2.

(b,) For each & > 0 there is a constant M, > 0 such that for x €ED(A"),

IR(GAx =M —w " x|, larg({—w)=(@/2)+a—e.
(b;) D(A) is dense in X.

The purpose of this appendix is to give a new characterization (equivalent
definition) for semigroups of class (H,):

THEOREM A.3 (see Definition 2.6). A holomorphic semigroup {T(t);
|arg t | < a} is of class (H,) if and only if it satisfies the following conditions:

(1) T(t)x =0 for all t > 0 implies that x = 0.

(i) Xy:=U,-o T(t)[X] is dense in X.

(iii) For each ¢ (0 <& = a) there is L, > 0 such that

| T(OR,_(b)x || =L.e”®' | x|, x€EXp largt|=a—e,
where b and w are constants satisfying

b>w>w,:=lim¢t 'log| T()| -
t—w

(iv) There is K > 0 such that || Ry(b)x || =K || x || for x€EX,.

To prove Theorem A.3 we need some preparations. We use the following
notations:

K= U TOIX],  ayi=lim e~ log | T,

t>0

Yi={x€X; |T@#)x—x||—0ast—+0}.

By definition Xj is dense in X, and it is well known that wj is finite or — oo.
Here we state two lemmas which were shown in [11].
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LeMMA A4 ([11], Lemmas 2.1 and 3.2). Let {T(t); t > 0} be a semigroup
on X satisfying condition (o). Then the infinitesimal generator A, is closable
and for x €EX and A > w,

(A.1) (A—A4) ""x =R, _(A)x, meN,
where A = Zo is the complete infinitesimal generator of {T(t)}.

LEMMA A.5([11], Lemmas 3.4 and 3.5). Let A be the complete infinitesimal
generator of a semigroup of class (H,). Then b €p(A4) and D(4") C X.

Now we prove the “only if” part of Theorem A.3. Since conditions (i) and
(i1) are the same as conditions (a,) and (a;), it suffices to show that conditions
(iii) and (iv) follows from Definition A.1:

LEMMA A.6. Let {T(t);|largt|<a} be a semigroup of class (H,) in the
sense of Definition A.1. Then it satisfies conditions (iii) and (iv).

PrROOF. Let 4 be the complete infinitesimal generator of {7(¢)} (the
existence of which is guaranteed by Lemma A.4). Then we see from (A.1) and
Lemma A.5 that b Ep(4) and

Ryb)x =(b —A) 'x =R(b;A)x, x€EX,.

So we obtain condition (iv) with K = || R(b; 4) || -
Next we derive condition (iii). Let x €EX; and |#|= | with |arg¢| S o —e.
Then we shall show that

C
(A.2) | T@R, - (b)x || .§( e“Retlix |,

n— Db - w)
where C, is the constant in condition (a,). By the definition of R, _,(b) we have
(n — N T@R, - (b)x
= fw e~ 5" 1T(s + t)xds
0
= fm e Bt +5)7 s/t + )" (s + 1)"T(s + t)xds, xEX,.
0
Since |t +s|Z|t|=1 and |t +s|=sfor s=0and |¢|=1 with |arg?|=

a — ¢, (A.2) follows from condition (a,). In view of condition (as) we obtain
condition (iii). Q.E.D.

In the rest of this appendix we shall prove the “if” part of Theorem A.3.
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LEMMA A.7. Let {T(t);|argti{<a} be a holomorphic semigroup on X
satisfying conditions (i)-(iv) in Theorem A.3. Let A be the complete infinite-
simal generator of {T(t)} (see Lemma A.4). Then b€p(A) and

(A.3) | TOR(b; A)" | £ L,e“®', l|argt|<a—e¢,
where R(b; A) = (b — A) "' € B(X), and for x ED(A")
(A.4) N T@)x —x||—0 ast—0 with|argt|=a—e.
ProOOF. We see from (A.1) and condition (iv) that
fo—A) x| =K | x| for x € X,.

Since (b — A) "' is closed, it follows from condition (ii) that (b — 4) “'€ B(X),
i.e., bEp(A4) and

(A.5) R(b;A)x =Ryb)x forx€AX,.
So (A.3) follows from (A.1) and condition (ii) and (iii). Furthermore, we have
T()R(b; A)=R(b; A)T(1), |arg t| < a.

In fact, T(1)Ry(b)x = Ry(b)T(t)x for x € X,. Therefore, it follows from (A.5)
that for x € X, and |argt| < a,

T()R(b; A)"*'x = Ry(b)T()R(; A)"x

(A.6) - f " €T (s + t)R(b; A)xds;

note that T($)R(b; A)"x € X, for x € X,
Now let |¢] =<1 with |argf|=a —¢. Then Ret = 1 and we see from (A.3)

that
le=*T(s + DR(b; A)"x | Se“Loe™ " | x|,  x€Xp, s>0.

Therefore, it follows from (A.6) and condition (ii) that for any x € X,

(A7) T(OR(b; A)**'x = fw e=BT(s + t)R(b; A)"xds.
0

Applying the dominated convergence theorem, we see that

T(t)R(b;A)"*‘x—*fme“’sT(s)R(b;A)"xds
0

= Ry(b)R(b; A)"x =R(b; A)"+'x
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ast — 0 with |arg 7 | = a — ¢. Consequently, we obtain (A.4) with x ED(A" 1Y),
ie.,
| T()R(b;A)"x —R(b; A)"x | >0  for xED(A)

as t — 0 with |arg | = a — &. Thus, (A.4) follows from (A.3); note that D(4) is
dense in X by condition (ii) (see Hille-Phillips [7], Theorem 10.3.1). Q.E.D.

LEMMA A.8. Let {T(t)} and A be as in Lemma A.7. Then for { €C with
larg({ — w)| < (n/2) + q,

(A.8) ({ —A) 'exists and R({—A)D D(A").

ProOF. Let AEC with ReA >0 and let €ER be fixed, with |f|<a.
Setting { = w + e~ and noting that b €p(4) (see Lemma A.7), we have for
x€D(Ay)

(dldt)le “T()R(b; A)"x] = — e “T(t)R(b; A)"({ — Ap)x.

Integrating this equality along the ray ¢ = re®® from r =5>0 to r = w0, we
obtain for x€D(A)

exp( — As — wse®)T(se®)R(b; A)"x
=e'" fm exp( — Ar — wre®)T(re’)R(b; A)"({ — A)xdr.
In fact, we can replace A, by its closure A because of (A.3). Going to the limit
s+ 0, we see from (A.4) that
(A9) e R(b;A)"x = fw exp( — Ar — wre®)T(re*)R(b; A)"({ — A)xdr.
0
This shows that ({ — A) ~! exists for |arg({ — w)|=|arg e | <(n/2) + a.

Now let y € X and set x = R(b; A)y in (A.9). Then, since ({ — A)R(b; A)E
B(X), we see from (A.9) that

(A.10) e ™R(b;A)x=({ —A) fw exp( — Ar — wre®®)T(re®)R(b; A)"xdr.
0
Since D(4) is dense in X, it follows from the closedness of 4 that (A.10) holds
for all x € X. Thus, we obtain (A.8). Q.ED.
Now the proof of the “if” part of Theorem A.3 is completed by

LEMMA A9. Let {T(t);|argt|<a} be a holomorphic semigroup on X
satisfying conditions (1)-(iv) in Theorem A.3. Then {T(t)} is of class (H,).
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ProOOF. Let 4 be the complete infinitesimal generator of {7'(¢)} satisfying
conditions (i)-(iv). To prove the assertion we will go rather indirectly. Namely,
let us first show that 4 satisfies conditions (b,;)—(b;) in Theorem A.2.

As noted at the end of the proof of Lemma A.7, D(4) is dense in X. This is
condition (bs). In view of Lemma A.10 below, condition (b,) is a consequence
of Lemmas A.7 and A.8. Therefore, it follows from (A.10) that for x € X,

R(L; A)R(b; A)"x = ¢ fw exp( — Ar — wre’®)T(re®)R(b; A)"xdr.
0

So, we see from (A.3) that for ReA >0and (0| =a—¢/2,
| R(E; AR(D; A)"x || = Lep(Re 2) M x || -

Here Re 4 = | A |sin(e/2) if we take |arg A | = (7n/2) — &/2. It then follows that
for jarg A | =(n/2)—¢/2and |B|=a—¢/2,

| R(G ARG AYx | S—2— 3| x|, xEX.
sin(e/2)
Since { —w = Ae™%, we have |arg({ — w)| = (n/2) + a — &. Thus, we obtain
condition (b,).

Consequently, 4 is the complete infinitesimal generator of a semigroup
(T(t);)arg t] < a} of class (H,); as shown above {T(¢)} and {f’(t)} have the
same semi-angle . But, it follows from (A.4) and Lemma A.5 that D(4") is
contained in X N £, where £ is the continuity set of {7'(¢)}. Therefore, we see
from (A.1) and condition (b,) that for x ED(A"),

f * e~ HT(t)xdt = RyA)x = R(A; A)x
0
= Ry(A)x:= fw e *T(Oxdt, A>w>w,
0

This implies that 7(¢)x = T(¢)x for x €D(4"). Since D(A") is dense in X, we
can obtain the desired conclusion. Q.E.D.

The final lemma is the one quoted above.

LEMMA A.10 ([11], Lemma 2.4). Let A be a closed linear operator in X
and let n €N. Suppose that there is w €R such that ({ — A)~ ! exists and
R({ —A)D DA™ for |arg({ —w)|<(n/2)+ B, where B is a constant
with 0 =B =n/2. If p(A) # & then p(A) contains the sector |arg({ — w)|<
=/2)+B.
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